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1 INTRODUCTION  

In earth sciences, data assimilation is a widely used technique to combine information from 

observations with dynamic models to improve model prediction. The technical details of the 

common methodologies are well documented, see e.g. Nichols (2010)  for meteorological 

applications or Wunsch (2006) for oceanographic applications In short, the assimilation is based 

on the iterative minimization of the difference (called “innovation”) between the forecast of a 

quantity (referred to as “background”) at given location (of the appropriate space) and the 

measurement of the same quantity to produce a new, more accurate, model state (called 

“analysis”). In most assimilation schemes, the relative weighting of the background forecast and 

the observations is determined by a statistical estimate of the uncertainties in the model and 

observation data (Thornhill et al., 2012). The relative weightings, which is essentially the error 

covariance matrices, determine how the information is spread from the observations to the rest of 

the computational grid of the assimilation system and allow the two-way information 

“interaction” between the spot measurements and the simulated field. Regarding the covariance, 

Bennet claims that “[…] it is difficult to develop covariances. It follows that the resulting inverse 

estimate or analysis of the circulation also lack credibility.” (Bennett, 2002). Wunsch phrased 

his similar conclusion as: “[…] the choice of the weights (aka the covariance matrices) dominates 

the current effort (for assimilation). At this stage, we have a problem primarily of oceanography 

and meteorology rather than one of mathematics.”(Wunsch, 2006). This paper addresses the 

problem of generating the covariance matrix for wave data assimilation by focusing on the 

covariance of the background error of the wave energy. We present a general approach, driven 

by analysis of measurements and simulations with the SWAN wave model (Booij et al., 1999; 

Ris et al., 1999) which is applicable for any spectral wave model. 

The four dimensional variational (4DVar) assimilation methods are based on the mathematical 

expression of the misfit between the model state and observations (known as cost function, 𝐽). It 

is typically expressed as 

𝐽(𝑥) = (𝑥0 − 𝑥0
𝑏)

𝑇
𝐵−1(𝑥0 − 𝑥0

𝑏) + ∑(𝜓𝑖 − 𝐻(𝑥𝑖
𝑏))𝑇𝑅𝑖

−1(𝜓𝑖 − 𝐻(𝑥𝑖
𝑏))

𝐾

𝑖=1

+ 𝜂𝛵𝑄−1𝜂 (1.1) 

where 𝑥0 is the (wave) state at given time and location, 𝑥𝑏 is the background state, 𝜓𝑖 is the 

observation data, 𝐻 corresponds to the observational operator (known also as measurement 

functional), 𝐵, 𝑅, 𝑄 are the background, observation and dynamic error covariances respectively. 

The basic mathematics for developing assimilation systems is known and fairly straightforward, 

but technically challenging (Bennett, 2002; Menke, 2012). However, determination of the 

covariances is an open question with multiple scientific challenges due to the number of possible 

errors from all the sources (instrument error and error of representativeness, external forcing 

errors, initial and boundary condition errors, errors in model parameterizations, unresolved 

processes and more) contained in them. The covariances are unknown and not typically 

measurable errors, and have to be estimated via assumptions, the adequacies of which are 

difficult to validate. 
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Data assimilation in wave models has been introduced relatively recently and mainly for large 

scale/ low resolution simulations, WAM, e.g. (Komen et al., 1994; Sannasiraj et al., 2006) and 

WAVEWATCH III (Chen et al., 2004; Tolman, 2009) which assimilate integrated spectral 

quantities, mostly only the significant wave height (Hs), mainly from satellite data. In addition to 

Hs, Aouf et al., (2006) assimilated into WAM other mean wave parameters such as direction and 

period. Feng et al., (2012) assimilated wave spectra from buoys into SWAN for the re-analysis of 

the wave field during typhoons in the East Pacific ocean. The assimilation significantly increased 

the accuracy of the significant wave height output, but the main disadvantage of their approach, 

judging by the output spectra, is that the directional and the frequency spread of the background 

(and not of the measured spectra) dominate the result. 

The present investigation is the continuation of the first assimilation scheme for the nearshore 

wave model, SWAN, presented by Walker, (2006) for SAR data and applied with in situ data 

from Field Research Facility at Duck, validated by Veeramony et al., (2010), and it has several 

applications (Almeida et al., 2014). The data assimilation system by Walker is a strong constraint 

approach with the assumption that the model dynamics are perfect and the error sources are the 

imposed boundary conditions. In order to invert the spectral action equation and build the adjoint 

function, their method took into account only the wave propagation and neglected the source and 

sink terms of SWAN, which describe the non-linear phenomena of wave generation and decay. 

Hence, the problem was simplified to the inverse of a linear system, and an analytical adjoint 

function was determined. This approach is reasonable for deep ocean applications and 

propagation of swell, but it is insufficient for nearshore applications where the non-linear physics 

(wave breaking, bottom friction, etc.) are dominant. In addition, as it is discussed by Orzech et 

al., (2013), the discretization of the analytical model leads to erroneous numerical gradient of the 

cost function. Therefore Orzech produced a “numerical adjoint” of SWAN by inverting the 

discretized forward model and the “SWAN representer” function by linearizing the forward 

model in order to build a weak constraint 4D-Var assimilation system. As the assimilation 

system is based on the representer method (Bennett, 2002), it requires use of an appropriate 

covariance, e.g. Zupanski (1997), as weighting factors in spectral, spatial and temporal domain. 

The system is named SWAN-FAR.  

The determination of the background error covariance matrix, fundamental for any assimilation 

scheme, is based on the innovation vectors (Berre and Desroziers, 2010) and is a difficult task 

because the true state is almost never known. In the available (wave) assimilation systems, 

approximations of the error covariances have been used. 

In general, an arbitrary function of random input pairs 𝜒 and 𝜒′ is a valid covariance function 

when it is positive semi-definite (PSD). A real-valued, continuously differentiable function 𝐶 is 

positive semi-definite in the neighborhood of the origin 𝐴 if 𝐶(0) = 0 and 𝐶(0) ≥ 0 for every 

non-zero 𝜒 ∈ 𝐴. For covariance matrices, this definition is generalized for the corresponding 

self-adjoint matrix of the covariance function, which must be PSD. In other words, the 

covariance functions belong mainly to a specific relative small family of functions: constant, 

linear, polynomial, (squared) exponential, Matérn, rational quadratic and neural network 

(Rasmussen and Williams, 2006). In physical oceanography, the most common covariance 

functions are based on specific cases of generalized Gaussian distribution 
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𝜑(𝜒) =
𝛽

2𝛼𝛤(1/𝛽)
𝑒−(|𝜒−𝜒′|/𝛼)𝛽

 (1.2) 

where 𝜒 𝑎𝑛𝑑 𝜒′ ∈ (−∞, ∞), 𝛼 ∈ ℝ is the scaling factor, 𝛽 ∈ ℝ is the shaping factor and 𝛤 

denotes the gamma function. Bennett et al. (1996) used the product of Gaussian covariance 

functions for each dimension of the problem. Similarly, for the very first wave assimilation 

efforts, the empirical covariance function in physical space was determined as (Lionello et al., 

1994) 

𝐶𝑥𝑥′ = 𝑉exp (−|𝑥 − 𝑥′|/𝐿) (1.3) 

where 𝐶𝑥𝑥′ is the covariance between the two points 𝑥 and 𝑥′, 𝑉 the variance and 𝐿 is the optimal 

characteristic length. In this case 𝐿 has been defined as five grid points (~1650 km). The 

comparison of the functions (1.2) and (1.3) show that (1.2) is a special case of (1.3) with 𝛽 = 1 

and 𝑉 = 1/2𝛼.  

In the wave assimilation system presented by Voorrips et al. (1997), the shape of correlation 

model, under the assumption that the background error is homogeneous and isotropic, was 

expressed as 

𝐶𝑥𝑥′ = exp (− (
𝑟𝑑(𝑥𝑥′)

𝐿
)

𝛽

) (1.4) 

where 𝑟𝑑 is the distance between the points 𝑥 and 𝑥′, 𝐿 the correlation length and 𝛽 is a power to 

be determined. Both 𝐿 and 𝛽 were determined experimentally and equal to 200 km and 3/2 (as 

the best choice out of 1, 3/2 and 2) respectively. In other publications 𝛽 was given different 

values. For instance Greenslade (2001) set 𝛽 = 1 and Breivik and Reistad (1994) used 𝛽 = 2, 

but with a decreasing  𝐿, from 200km to 40km during the minimization procedure. Breivik et al. 

(1998) determined 𝐿 as a linear function of frequency with 𝐿(0.04 𝐻𝑧) = 300𝑘𝑚 and 

𝐿(0.24 𝐻𝑧) = 60𝑘𝑚. Similar covariance functions have been applied in the temporal dimension 

of the problem. They are discussed in section 0. 

The fundamental assumption of this research effort is that the covariance is calculated around the 

mean value of an ensemble of the quantity of interest (for instance wave spectral action density 

in time). The ensemble mean value is regarded as the best-guess estimate, while the ensemble 

spread is defined as a natural definition of the error variance (Evensen, 2009; Fisher, 2003). The 

covariance is expressed as 

𝐶𝑁𝑁′ = (𝑵 − 𝑵̅)(𝑵′ − 𝑵̅′)𝑇̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ (1.5) 

where 𝐶 is the covariance and 𝑁 ≡ 𝑁(𝑡, 𝑥, 𝑦, 𝜃, 𝑓) is the ensemble members in the space of the 

state vector, with 𝑥, 𝑦 the spatial coordinates, 𝜃, 𝑓 the spectra coordinates and 𝑡 the time. The 

overbar represents the ensemble mean and the superscript 𝑇 denotes transpose of the matrix. The 

main issue with this approach is the computational cost, both for calculating the covariance 

matrices and applying them as weights during the assimilation.  
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Under this assumption, the approach to determine the covariance function in space (e.g. Eq. 

(1.3)) is expanded to all the dimensions of the wave spectral models (time, physical space, 

spectral space), and its applicability is investigated. The objective of the paper is to determine an 

appropriate background error covariance function for the weak constraint 4DVar assimilation 

system for nearshore spectral wave models. A main assumption in the development of the 

covariance function is that the covariance for each dimension is independent of each other and 

can be expressed as 

𝐶𝑓(𝑥, 𝑦, 𝜃, 𝑓, 𝑡, 𝑥′, 𝑦′, 𝜃′, 𝑓′, 𝑡′) = ∏ 𝑉𝑖 𝐶𝑥𝑥′𝐶𝑦𝑦′𝐶𝜃𝜃′𝐶𝑓𝑓′𝐶𝑡𝑡′  (1.6) 

where 𝑉𝑖 is the variance of 𝑖 ∈ (𝑥, 𝑦, 𝜃, 𝑓, 𝑡), defined as 𝑉𝑖 = 𝐶𝑖𝑖 . Each factor of the product 

corresponds to each of the dimensions of the model. Each of the covariance function 𝐶 of Eq. 

(1.6) will be determined based on its calculated covariance matrix. 

The data used and the whole extent of the developed methodology are presented in 

section 2. The development of the background error covariance in time, in physical space and in 

spectral space are presented in sections 0, 0 and 3.3 respectively. Finally, in section 4, the main 

conclusions of this investigation are summarized and in section 5 the open questions on the 

subject are addressed as subjects of future research. 

2 BUILDING THE BACKGROUND ERROR COVARIANCE FUNCTION FROM 

THE COVARIANCE MATRICES 

The methodology to determine the covariance function is separated into two basic parts. The first 

part is the calculation and analysis of the covariance matrices based on measured wave spectra 

and simulated wave fields. The second part involves the synthesis of the covariance functions 

based on the covariance matrices by choosing and parameterizing an appropriate function in 

temporal, physical and spectral space. The procedure is depicted in Figure 1. The product of the 

resulting functions is the applied background error covariance function of the assimilation 

system. To determine the covariance function, a series of ensembles of SWAN simulations with 

different physical or numerical features of the model activated or deactivated was used. The 

resulting empirical function of the covariance is implemented in the SWAN-FAR assimilation 

system. 

2.1 Wave Measurements 

In order to determine the covariance on the basis of actual processes and model physics, all 

available wave measurements from the National Data Buoy Center (NDBC) of the National 

Oceanic and Atmospheric Administration (NOAA) for the period of three years, 2010-2012, 

have been analyzed (231 datasets in total). The geographical coverage of the data includes the N. 

Atlantic, Gulf of Mexico, N. Pacific (including Guam and Hawaii) and Great Lakes. The wave 

data have been used for two different purposes. The first is to determine the covariance function 

in time and the second as initial and boundary conditions of the wave field simulations. 

2.1.1 Wave Data Preprocessing For Determination of Temporal Correlation Length 
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The calculation of the correlation ideally requires continuous time series, which is rare for 

(wave) measurements. Therefore, an hourly time series of a non-leap year is created by 

averaging the three measurements corresponding to the same date and time for the three different 

years. In case of missing values at the compiled time series, the gaps were filled by weighted 

interpolation. The weights depend on the number of the sequential missing values. In cases of 

time series with extensive (in order of days or more) missing values, the specific time series were 

excluded from analysis. A moving average filter of 12 hours is then applied to detrend the time 

series. The resulting series is analyzed both on a seasonal timescale, with three calendar months 

for each season, and also for extreme conditions defined here as having Hs more than 3m. The 

approach of the yearly averaging, in order to create the continuous time series, filters out the 

dependency on the instantaneous meteorological and oceanographic conditions, which has the 

added advantage of analyzing the dominant conditions of the area. The disadvantage of that 

approach is that characteristic lengths of short-term events (e.g. hurricanes) are not represented.  

 
Figure 1. Flowchart of the steps to determine the covariance function based on calculated 

covariance matrices. t and N are time and spectral action density, respectively. 

2.1.2 Wave Field Ensemble – Wave Climate Analysis 

To determine the covariance matrices in physical and spectral space in coastal regions, simulated 

wave fields are analyzed. The simulations were forced with an ensemble of wave measurements 

generated by resampling the wave climate re-analysis. The 2011 time series from NDBC station 

44014 (64 NM East of Virginia Beach, VA) was analyzed because it had a limited number of 
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missing values. The analysis was based on the calculation of the 3D joint-histogram of the 

significant wave height, peak period and corresponding direction denoted 𝐻𝑆, 𝑇𝑝, 𝐷𝑖𝑟𝑝, 

respectively. The joint probability distributions of the wave conditions were calculated according 

to the frequency of occurrence of each weather event (combinations of different wind/wave 

conditions). 

The original time series was resampled by inverting the information of the corresponding 

histograms. In order to define the size of the new series, three criteria were applied: (1) to keep 

more than 80% of the original information, (2) to not have significant change at the calculated 

covariance matrices independently of the length of the ensemble, and (3) reasonable calculation 

requirements, in time and memory. Figure 2 shows the comparison of the statistics of original set 

(top row) to the reduced data set (bottom row). 

 
Figure 2. Top row: Statistical analysis of the wave-field properties at the station 44014 with 8000 

samples. Bottom row: Statistical analysis of the resampled time-series with 200 samples. 

2.2 Wave Model and Model Setup 

The wave model used in this study is the third generation wave model SWAN, version 40.81 

(Booij et al., 1999; Holthuijsen, 2007). SWAN solves the wave action balance equation  
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𝜕𝑁

𝜕𝑡
+ ∇ ∙ ((𝒄𝒈 + 𝐔)N) +  

𝜕𝑐𝜎𝑁

𝜕𝜎
+

𝜕𝑐𝜃𝑁

𝜕𝜃
=

𝑆𝑡𝑜𝑡

𝜎
, (2.1) 

where 𝑁 is the spectral action density, 𝒄𝒈 is the energy propagation velocity in the physical 

space, (𝑐𝜎, 𝑐𝜃) the propagation velocities in the spectral space and 𝑆𝑡𝑜𝑡 represents the source 

terms that include wave generation by wind, bottom dissipation, surf-breaking, wave-wave 

interaction, bottom and current induced shoaling, and σ is the wave frequency.  

2.2.1 Model Setup 

Because there are five dimensions (t,x,y,σ,θ), the determination of the covariance function is 

computationally challenging. Therefore, 15000 simple and idealized simulations are set up and 

analyzed. Due to the volume of the data, only results from the simulations with significant 

impact on the development of the covariance function are presented here. For all simulations, the 

default model physics and numerics are used, with the only exception being the use of the BSBT 

scheme instead of the GSE. The number of grid points in cross-shore direction, 𝑀𝑥, is 100; the 

number of frequencies, 𝑀𝑓, is 33, the frequency varies between  0.01𝐻𝑧 and 0.4775𝐻𝑧; the 

directional resolutions, 𝛿𝜃, is 10°.  

Three different sets of bathymetric grids have been used in the current investigation:  

A. One dimensional with constant depth 𝑑 ∈ [1: 10,20,50,100]; 𝑑 is in m. 

B. One dimensional with constant slope, 𝑆𝑑 ∈ (0.01,0.1) dissipative and reflective, 

respectively, according to Komar, (1998), where 𝑆𝑑 is the bottom slope. 

C. Two dimensional real case at the Field Research Facility Duck, NC. Dimensions of the 

grid are 𝑀𝑥 = 100 grid cells and 𝑀𝑦 = 1000, with 𝛿𝑥 = 𝛿𝑦 = 20m, where 𝛿𝑥 and 𝛿𝑦 

are the cross-shore and longshore spatial resolutions, respectively. For the two 

dimensional simulations, the cross-shore direction corresponds to the x-axis and the long-

shore direction corresponds to the y-axis.   

In order to simplify the problem, instead of using the measured spectra as boundary conditions, 

the model simulations used two sets of parameterized spectra based on WAFO 2.5 (Brodtkorb et 

al., 2000). The first set consisted of unimodal spectra by assuming fully developed sea and 

applying the Pierson-Moskowitz function (Pierson and Moskowitz, 1964). The second set 

included swell, and assuming bimodal spectra, we used the approach described by Torsethaugen 

(1994) where the spectrum is assumed to be the sum of two modified JONSWAP spectra and the 

energy is divided between the two peaks according to empirical parameters. The directional 

spreading is based on Hasselmann (1973).  The directional resolution is 10°, and the propagation 

direction is assumed perpendicular to the open boundary. In addition, model simulations were 

conducted with and without wind. In the wind forced runs, the measured wind conditions at the 

buoy location were imposed on the whole domain. The time-series of the forcing data are 

depicted in Figure 3.  
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Figure 3 (Top to bottom). Time-series of Hs, mean period, mean wave direction, wind speed and 

mean wind direction, used as boundary conditions for the present investigation. The direction 180° 

corresponds to the direction towards the shore for both waves and wind. The black line in each of 

the plots represents the mean of the plotted quantity.   

 

2.3 Calculation of Covariance and Correlation 

As mentioned previously, it is assumed that the error covariance is independent in each 

dimension of the model. Hence, the covariance has to be calculated for each spectral bin, grid 

node, and time step. Rewriting eqn (1.5), the covariance for this study of two bins of spectral 

action density, 𝑵(𝒓) and 𝑵′(𝒓), of an ensemble 𝑵𝑱(𝑵𝟏, 𝑵𝟐, … , 𝑵𝑴) is calculated as  

𝐶(𝑵, 𝑵′ ) ≈ ((𝑵 − 𝑵̅)(𝑵′ − 𝑵′̅̅ ̅)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  =
1

𝑀 − 1
∑(𝑁𝑖 − 𝑁)(𝑵𝒊

′ − 𝑵′̅̅ ̅)

𝑀

𝑖=1

 (2.2) 

where M is the length of the ensemble. It is important to recall that 𝑵 has five dimensions.  
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An example of the covariance matrix of two spectral bins of action density spectrum (quantity 

used at the SWAN-FAR) is depicted in Figure 4 (left). 

 
Figure 4. Left: Directional covariance spectrum of action density; Right: frequency spectrum of the 

error covariance for two spectral bins. 

The covariance matrices have the same format as the SWAN spectra and based on this external 

characteristic, are referred to as Covariance Spectra. By the definition of the covariance, the units 

of the covariance spectra are the square units of the input spectra. In the next section, the 

integrated covariance spectrum over direction will be used for the development of the covariance 

function. An example is illustrated in Figure 4 (right).  

Similarly, following the definition of the correlation, the correlation between the two spectral 

bins of the 𝐍 and 𝐍′ is defined as 

R(𝐍, 𝐍′) =
C(𝐍, 𝐍′)

V(𝐍)V(𝐍′)
 (2.3) 

where V is the sample variance of each dataset and C their covariance; the correlation is 

normalized covariance and both of the two quantities are used in the current investigation. For 

the rest of the analysis, ergodicity, stationarity and normality are assumed about the data.  

An important limitation of the present analysis is the computational cost of the covariance. 

Indicatively, for each one-dimensional case, more than 100000 covariance matrices are 

calculated, and the covariance matrices calculation is expensive in terms of computational time 

and memory. For instance, for an ensemble of stationary simulations on a grid with 𝑀𝑥 × 𝑀𝑦 

nodes (𝑀𝑥 and 𝑀𝑦 are the number of nodes in x- and y- direction respectively) and output 

spectra for each node with 𝑀𝑓 number of frequencies and 𝑀𝛩 number of directions, the 

covariance matrix of one impulse with all the other impulses includes 𝑀𝑥 × 𝑀𝑦 × 𝑀𝑓 × 𝑀𝛩 

calculations and the total number of calculations is equal to (𝑀𝑥 × 𝑀𝑦 × 𝑀𝑓 × 𝑀𝛩)2/2. For one 
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ensemble of the one-dimensional cases described in the previous section, circa 7 billion 

covariance calculations take place. Apparently, for realistic cases the extreme number of 

calculations prevents the calculation of covariance matrices. Thus, whenever is possible, 

scientifically reasonable assumptions are made, in order to accelerate the estimation of the 

matrices. Hence, the covariance matrices are calculated for spectral bins with action density 

higher than |𝛰(10−12)|.  

The objective of this study is the determination of an optimized covariance function based on the 

covariance matrices. The first step is the analysis of the covariance matrices, in order to (1) 

identify their properties and (2) to reduce the data volume. The basic assumption for the analysis 

is the determination and modeling of the maximum impact that the covariance could have. 

Therefore, prior to any analysis, all the covariance matrices are normalized with the maximum 

value of the covariance in the dimension of analysis, e.g. in space, and based on the relative 

spectral density; the covariance spectra with low density are excluded from further analysis. 

Based on the properties of the remaining data, the appropriate theoretical functions are fitted to 

the data, and they are evaluated according to basic goodness of fit statistics.   

In the following sections, the described methodology is applied on all the available data from 

both the measurements and the simulations. The covariance matrices are analyzed in the space of 

the model and the corresponding normalized covariance functions will be introduced.  

3 COVARIANCE FUNCTION 

The error covariance function is developed under the assumption that the best covariance error 

estimator is the covariance matrices around the mean of forward simulations or measurements. 

Hence, in the following paragraphs, measurements and simulations are treated in similar ways in 

order to analyze the properties of the covariance matrices for all the five model dimensions. The 

covariance function(s) is synthesized by expressing in mathematical terms the conclusions of the 

analysis. Due to the volume of the data and the computational cost, we optimize the analysis 

based on reasonable algorithmic simplifications and assumptions. In the following paragraphs 

procedures, analysis and synthesis, are extensively presented. 

3.1 Covariance Function in Time 

The temporal covariance function, 𝐶𝑡𝑡′, between two moments, 𝑡 and 𝑡′, is defined as 

𝐶𝑡𝑡′ = 𝑉𝑡
0.5𝑒−

|𝑡−𝑡′|
𝜏  (3.1) 

where 𝜏 ∈ ℝ+ is positive empirical constant and corresponds to the temporal correlation length 

and 𝑡 𝑎𝑛𝑑 𝑡′ ∈ [−𝜏, 𝜏] correspond to two temporal instants of the analyzed data. This correlation 

usually is convolved with other fields by solving two Langverin equations (Bennett et al., 1996). 

The advantages of Eq. (3.1) are discussed by (Ngodock, 2005), and it is applied in most 4D-Var 

assimilation systems. A recent example is the 4D-Var system for the Navy Coastal Ocean Model 

(Ngodock and Carrier, 2014).  
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It has been proved that the temporal dependency in time of the wave measurements is 

determined via the calculation of the autocorrelation function of the property of interest, 

e.g.(Spanos, 1983), and based on this, the covariance function in time is determined by 

calculating the autocorrelation of the time series of significant wave height. The main 

assumption is that the maximum covariance in time is determined by the autocorrelation. From a 

technical point of view, it is assumed that the wave measuring devices and applied algorithms 

(different buoy manufacturers, ADCP) have similar biases and that the acquired time series of 

the wave amplitude have the same length and have been analyzed with the same algorithm, and 

therefore, all the wave measurements have the same accuracy and the same number of effective 

degrees of freedom. Moreover, it is assumed that autocorrelation of the energy of each direction-

frequency spectral bin has the same properties in time with the autocorrelation of the integrated 

energy of each spectrum. 

In general, the applied methodology follows the classical analysis of (Box and Jenkins, 1970) as 

applied on wave analysis from several researchers e.g. (Parvaresh et al., 2005; Soares et al., 

1996; Yim et al., 2002). All these studies showed decreased of the autocorrelation of the 𝐻𝑠 with 

the increase of the temporal lag, as expected. This common conclusion was drawn based on data 

from different locations with different wind and wave climatology, having different temporal 

lengths and acquired with different instruments. Intuitively, by observing the plotted data of 

publications on the subject, autocorrelation functions seems to follow specific functions. In some 

cases, the autocorrelation function is linear, 

𝑅(𝑡) = −
1

𝜏
|𝑡| (3.2) 

where 𝜏 ∈ ℝ+ is the time scale and experimentally defined and 𝑡 ∈ ℝ+ and corresponds to the 

time lag.  The main issue with function (3.2) is that it is not continuously differentiable, but still 

it could be used by defining , 𝑡 ∈ (0, 𝜏] and assuming symmetry.   

In the cases of dissipating wavefields, the shape of autocorrelation function of time series of Hs 

follows normal distribution, therefore it could be represented as 

𝐶(𝑡) = √2𝜋𝑏𝑡exp (−[
(𝑡 − 𝑎𝑡)

𝑏𝑡
]2) (3.3) 

where 𝑎𝑡 ∈ ℝ and 𝑏𝑡
2 ∈ ℝ+ both are empirically determined. In this study, the autocorrelation is 

calculated based on the function (2.3), using time series of 𝐻𝑠 as 

𝐶(𝜏𝛨𝑠
𝑘 ) = 1/(𝑀𝑡 − 1 − k) ∑ (𝐻𝑠

𝑖

𝑀𝑡−𝑘

𝑖=1

− 𝐻𝑠
𝑖̅̅ ̅)(𝐻𝑠

𝑖+𝑘 − 𝐻𝑠
𝑖+𝑘̅̅ ̅̅ ̅̅ ) (3.4) 

where 𝐶(𝜏𝛨𝑠
𝑘 ) is the autocovariance function for 𝜏𝛨𝑠

𝑘 = 𝑘𝛿𝑡 to be the 𝑘𝑡ℎ lag, with 𝑘 =

0,1, … , 𝑀𝑡 and 𝐻𝑠
𝑖 is the time series of 𝐻𝑠 with length 𝑀𝑡. 

From the definition of the characteristic correlation length, 𝜏 is calculated as 
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𝜏 = ∫ 𝐶(𝜏𝐻𝑠)𝑑𝜏𝐻𝑠

∞

0

 (3.5) 

However, in practice Eq. (3.4) becomes 

𝜏 = ∫ 𝐶(𝜏𝐻𝑠)𝑑𝜏𝐻𝑠

𝐶𝜏
𝑙𝑖𝑚

0

 (3.6) 

where 𝐶𝜏
𝑙𝑖𝑚 is defined as the value of 𝐶(𝜏𝛨𝑠

𝑘 ), when 𝐶(𝜏𝛨𝑠
𝑘 ) ≡  1.96/√𝑀𝑡, under the assumption 

of normality. Equation (3.6) is presented here for the time variable, but the correlation length can 

be similarly determined for any dimension of the problem.  

Equations (3.1) and (3.3) express, in mathematical terms, that the autocorrelation function (ACF) 

in time of the wave integral properties follow (or almost follow) a normal distribution. Based on 

this, the normal distribution function is used for the estimation of the temporal covariance 

function. The first step in the analysis is the calculation of the normalized autocorrelation 

function of the linearly de-trended and temporally smoothed time series of the measurements of 

the significant wave height. The open issue is the selection of the appropriate temporal length of 

the input data for the estimation of the ACF so that the covariance properties of the simulated 

physical processes are represented. For instance, analyzing one year of hourly data, estimates a 

temporal correlation length characteristic of the wave climate of the specific area, but not for the 

short-term events (e.g.  Hurricanes). Thus, two different timescales were selected:  

A. seasonal, by separating one year of data in quarters (JFM: January, February, March; 

AMJ: April, May, June; JAS: July, August, September; OND: October, November, 

December), and 

B. focused on extreme events by analyzing data with 𝐻𝑠 ≥ 3𝑚.  

Following NOAA, the available wave datasets are also sorted in seven subsets according to their 

location (ATL-SE: Atlantic Ocean Southern than Virginia; ATL-NE: Atlantic Ocean Northern 

than Virginia; GoM: Gulf of Mexico; GRT-LK: Great Lakes; PAC-CS: USA coast of Pacific 

Ocean; HAWAII and GUAM). 

Figure 5 illustrates an example of the normalized autocorrelation of 𝐻𝑠 time series for each 

season (asterisks with different colors), with the solid lines corresponding to the fitted normal 

distribution and the dashed line the critical value for determining the correlation length, 𝜏, 

according to (3.6). The analyzed data is from NDBC buoy 44005, located offshore the North 

East US coast at 200 m depth. Due to its location, there is minimal impact from nearshore 

processes and human activities on the wave record. The question to be answered is if the 

function (3.3) is the appropriate covariance function to model the temporal covariance. After the 

fit, the calculated values of the ACF are tested to determine if the normal distribution-like 

function with the appropriate goodness-of-fit measures is applicable. There are several reasons to 

reject the hypothesis of normal distribution, including buoy deployment location, wrong choice 

of buoy size, tide influence on the data which was not filtered out during pre-processing, and 

artifacts due to the compilation of one continuous time series by combining data from different 
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years. The datasets which fail to be modeled with the normal distribution are excluded from the 

synthesis of the covariance function without further investigation. Equation (3.3) is fitted to the 

remaining datasets. In Figure 5, the parameters 𝑎𝑡 and 𝑏𝑡 for the specific buoy are listed. In the 

same figure, the plots of the fitted functions strongly indicate that (3.3) can be used as covariance 

function. For the evaluation of the fitted functions, the 𝑅2 > 0.90 and the root mean square error 

are used. 

 
Figure 5. The ACF of Hs measured at the 44005 NDBC buoy for the four quarters of the time series. 

The four colors correspond to the four quarters. The asterisks represent the calculated ACF and 

the continuous lines are the results of the fitted function (3.3). The fitting parameters are listed in 

the figure legend. The black dashed line, parallel to the x-axis is an indicative significance level, 

used for the determination of the correlation length for JFM.  

Examining the ratio, 𝑟𝑡 = 𝑏𝑡 𝑎𝑡⁄  between the two parameters, there is a clear seasonal and 

location dependency as seen in Figure 6. The mean ratio varies between -1.90 and -1.70 with 

standard deviation less than 0.1. This allows simplification of (3.3) and reduction of the 

computational time of the assimilation. As is seen in Figure 6, areas closer to the equator, 

especially Hawaii and Guam, and to a lesser extent GoM have two seasons, JFM-OND and 
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AMJ-JAS, as expected. During the JFM-OND, the ratio varies around -1.8 and during the AMJ-

JAS, the ratio is reduced to lower than -1.85.  

 
Figure 6. The mean and standard deviation of the ratio rt calculated for the seven areas defined by 

NOAA.  

The Atlantic coast of N. America is separated into ATL-SE and ATL-NE, South-East and North-

East USA coasts, respectively. ATL-SE has similar values as the three equatorial areas, but 

based on the ratio the winter period is longer, extended from October to June; the ratio is almost 

constant and approximately -1.8. During summer (JAS), the ratio value is reduced to -1.85. In 

ATL-NE, the ratio reaches its highest value during winter (JFM), -1.7. During spring (AMJ) and 

fall (OND), the ratio is almost the same and a little higher than -1.75. During JAS, 𝑟𝑡 has the 

minimum value for the specific area. In general, the ratio values illustrate the differences in wave 

climate between the N. Atlantic and almost equatorial Atlantic Ocean. Along the Pacific coast, 

PAC-CS, there are clearly four seasons according to the values of  𝑟𝑡. From JFM to JAS, a 

gradual reduction of the ratio is observed (from -1.8 to -1.9), but its peak value, -1.75, is reached 

during OND. During AMJ-JAS, the PAC-CS and Hawaii have very similar values, but during 

the fall (OND) and winter (JFM), the two areas are influenced from wave-fields originating from 

different locations. The highest values of the ratio 𝑟𝑡, are seen in the Great Lakes. There are a 

large number of missing values during OND and JFM. The similar values of the ratio for both 

AMJ and JAS and small standard deviation of the 𝑟𝑡 show that the wave conditions are 

dominated by local conditions, for instance the orientation of the lakes in comparison with the 

wind direction. 

3.1.1 Climatological Temporal Correlation Length 

The missing information are the actual values of the temporal correlation length,𝜏, which are 

necessary for the application of any of the two suggested covariance functions (3.1) and (3.3), 𝜏 

and 𝑏𝑡, respectively. Hence, in order to generalize the output, the procedure for the results of 

Figure 5 is applied to all the available time series. The spatial distribution of the correlation 

lengths is shown in Figure 7. The temporal correlation lengths have significant regional 

differences, and the need to calculate the statistical properties and determine the statistical 
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relationships at regional or even local scales is evident from the figure. By using the same spatial 

clustering as in the previous section, the median for each region and season of the correlation 

length are calculated and shown in Figure 8.  

 
Figure 7. Seasonal distribution for the temporal correlation length for N. America based on all the 

available NOAA measurements for the period 2010-2012. 

The mean temporal correlation length for all three Pacific Ocean areas (PAC-CS, Hawaii and 

Guam) are very similar. The relatively constant conditions due to the long waves are probably 

the reason for the long temporal correlation length at the Pacific coasts of USA and Canada. 

During the combined period of JFM-OND, 𝜏 varies between 1.2 and 1.5 days for all the three 

areas. The maximum values for Hawaii and Guam (which are located almost at the same 

latitude) are observed during AMJ and is almost two days, and the maximum value of temporal 

correlation for the PAC-CS is during JAS. At this point, it has to be emphasized that the 

calculated mean values for PAC-CS cover the area between California and Alaska. Thus, for 

regional or local experiments, the actual values displayed in Figure 8 should be used. The spatial 

distribution of the values of 𝜏 shows that the maximum values are along the coasts of 

Washington and of British Columbia during AMJ-JAS, and the values are higher than 2 days.  

In the Atlantic Ocean, there is a remarkable difference between North (ATL-NE) and South 

(ATL-SE). Though the values of 𝜏 in both regions are almost constant during the year, the values 

in ATL-SE are approximately 1.5 days, which are much higher than in ATL-NE, where the 

temporal correlation length is 0.8 days. Despite the spatial and temporal consistency of the 

correlation length values, there are specific locations that have permanently higher values than 

the average, such as in the Florida straits and along the east Florida coastline. It is likely that here 

the permanent, strong Gulf Stream dominate the wave field characteristics.  
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Figure 8. Synopsis of the spatial information in Figure 5: Median of seasonal correlation length for 

the seven different areas that there are wave measurements by NOAA for the period 2010-2012. 

By extending this interpretation in the Gulf of Mexico, where the circulation is dominated by the 

consistent loop current, the values of up to 1.5 days correlation length seems reasonable. In 

addition to that, the GoM is semi-closed with almost constant wave climate and a limited number 

of extreme events (e.g. storms, hurricanes) per year. It has to be mentioned that during the three 

years of the analysis, there was only one category 1 storm (Hurricane Isaac in 2012) smoothed 

during the data preprocessing. The Great Lakes have approximately 0.5 days correlation length 

in time. The limiting factor, in this case, is the fetch and the influence of the local wind fields. 

Similar temporal correlation lengths have been calculated for seas with similar geographical 

characteristics, for instance the Aegean Sea (Flampouris, 2003). 

3.1.2 Temporal Correlation Length of Extreme Events 

Extreme wave events are defined as periods of 48 h or longer during which the significant wave 

height is higher than 3 m. To get the correlation length during such events, the wave data from 

all the three years at all locations of measurements have been analyzed by following the same 

methodology as for the climatological analysis. The temporal correlation lengths are given in 

Figure 9, where the values of 𝜏 have been plotted as a function of the location (buoy). The colors 

correspond to the same seven areas as in the previous section. The filled circles are the mean 

values of 𝜏 for each buoy, and the bars reveal the minimum and maximum value of 𝜏.  The black 

line is the mean of the plotted means for each area. 
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Figure 9. Temporal correlation length for cases with Hs ≥ 3m for each available buoy. The dots 

correspond to the mean temporal correlation length and the lines the minimum and maximum 

value for each buoy. The black lines show the mean of the correlation length for each of the seven 

domains. 

As is evident from Figure 9, the mean 𝜏 is almost constant and for all the buoys varies between 6 

and 7 hours. The difference between the mean and minimum values is approximately 2 hours, 

but the maximum values are almost three times higher than the mean, 18 h. The temporal 

correlation length is independent of the measurement location in the case of storm conditions.  

Summarizing the results, the analysis of long time series reveals the influence of the local 

conditions on the temporal correlation length. For extreme wave conditions of short duration, the 

statistics of the correlation lengths are approximately constant and similar independent of the 

location. The extended study of the temporal correlation lengths as a function of the external, 

dominant conditions is out of the context of the present investigation. The significance of the 

selection of the appropriate time scale for each phenomenon is the focus for the current section.  

3.2 Error Covariance Function in Physical Space 

The objective of this section is to determine the covariance function in physical space with a 

focus on nearshore applications. Even though sea surface wave fields are two dimensional, the 

covariance is a three-dimensional function of location and depth. For this part of the study, the 

covariance matrices of simulated wave fields are calculated, analyzed and modeled. To reduce 

computational cost and data volume, the following simulations are primarily conducted in a 

simplified one-dimensional format.  

Very little has been published about the spatial covariance function for nearshore wave modeling 

applications. In the majority of published work on wave assimilation, spatial correlation lengths 

are on the order of hundreds of kilometers, for two reasons: (1) the coarse spatial resolution of 

the wave models for ocean simulations, and (2) assimilation of satellite wave data, which by 

default are sparse and are calculated over large areas. The present study focuses on a nearshore 

wave assimilation system for SWAN. Consequently, the spatial resolution of simulated wave 

fields is O(10) meters, several orders of magnitude smaller than the published spatial correlation 

lengths. 
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The complexity and strong non-linearities in the nearshore waves (e.g. wave breaking, wave-

wave and wave-current interactions) are significant obstacles to the development of a theoretical 

function for the covariance. Lacking published data on the spatial covariance of action density 

for shoaling and breaking wave fields, the spatial behavior of the associated covariance matrices 

is unknown. To construct a preliminary spatial covariance dataset for nearshore action density, 

an ensemble of 200 realistic wave field stationary simulations was created using bathymetry and 

data from the FRF in Duck, NC, and the covariance matrices were calculated for several grid 

points. 

 
Figure 10. Alongshore-integrated and normalized covariance at Duck, NC as a function of distance 

and direction (left) and distance and frequency (right). The covariance was calculated between the 

point (1360 m, 840 m) and all other grid points.  

In order to visualize and analyze the four dimensional covariance, the information of the 

covariance matrices was summarized by averaging and normalizing for each dimension. As the 

cross-shore (x-axis) bathymetry does not vary significantly over the long-shore direction (y-axis), 

the covariance spectra over the long-shore direction were averaged, thus the dimensions of the 

problem have been reduced to three: cross-shore, frequency and direction. In order to study the 

directionality, the covariance spectra were integrated over frequency and normalized by the 

maximum covariance value, hence x- and direction are the two dimensions of the covariance, 

Figure 10 (left panel). Likewise, the integrated covariance as a function of x- and frequency is 

examined, by integrating over direction and normalizing with the maximum covariance value, 

Figure 10 (right panel). The content of Figure 10 shows clearly the main characteristics of the 

covariance matrices to be investigated in the following sections. (1) The maximum covariance is 

a function of the depth. (2) The direction of the maximum covariance is normal to the shoreline, 

and its directional spread can be defined.  (3) The maximum value of the covariance appears at 

specific frequencies. Based on these observations, the covariance function is examined by 
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treating each dimension of the problem independently. The covariance in the spectral domain is 

discussed in section 3.3. 

3.2.1 Covariance as a Function of Distance 

In the introduction, the most commonly used spatial covariance function (1.2) was presented. 

This general form of the equation, which was proposed as a solution of the diffusion-based 

correlation models, is the only covariance function in the literature being used for wave 

assimilation systems. Physically, it declares that the covariances are isotropic and homogeneous 

in a circular region centered on the grid point of interest with radius equal to the spatial 

correlation length L. Outside of the circle, the covariance is constant. In all published 

applications, as also mentioned earlier, the applied correlation lengths vary between 40km and 

200km, which are several orders of magnitude higher than the spatial resolution of the 

computational grid for nearshore wave simulations.  

To further simplify the problem and to separate the impact of the distance from the impact of the 

bathymetry, covariance matrices are calculated using one-dimensional grids of uniform depth.  

Each wave field ensemble is assigned a different fixed depth value, ranging from 1—100m.   The 

covariance density is then integrated and normalized by its maximum value in the x-dimension; 

results are shown in Figure 11 (top). The maximum value of the covariance is at the boundary 

grid cell.  This result is the same for all the ensembles since the same boundary conditions have 

been imposed for all cases. For each depth, the covariance tends asymptotically to a constant 

value that depends on the depth, the lowest of which occurs at 1m depth. The covariance is 

constant for depths higher than 20m (In the figure, the three lines corresponding to the 

covariance of depths higher than 20m are plotted on top of each other). At the boundary, the high 

value of the covariance is due to depth-induced breaking. To examine the change of covariance 

with distance, the gradient of the relative covariance in space has been calculated for each depth 

(Figure 11, bottom). The gradient for depths higher than 20m is equal to zero; thus, it is 

impossible to plot on a logarithmic scale.  This plot confirms the impression given by the top 

panel that the covariance is almost constant. With the exception of the first few grid cells, less 

than 10 for all the depths, the order of magnitude of the gradient is 10-5, or essentially zero. This 

extremely small reduction of the covariance can be explained as the dissipation of the wave 

energy due to the bottom friction. Due to the short distance, the effect of wave generation due to 

wind is negligible. 
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Figure 11. Top: The relative covariance as a function of distance for 13 different depths [1:10, 20, 

50, 100] m and Bottom: its spatial gradient. The wave field propagates from the right to left. 

For large scale wave simulations, the covariance in physical space is given by the expression in 

(1.4). In the following analysis, the x-direction will be defined as the normal to the local depth 

isoline and the y-direction as the tangent to the local isoline. Based on the results of Figure 10 

and Figure 11, it is clear that the covariance for nearshore applications is a function of bottom-

induced wave breaking and of the actual depth. Therefore, the function (1.4) has to be updated 

accordingly. Since the values of the error covariance can be considered constant in the y-

direction and depending mainly on depth, the covariance function in space may be expressed 

independently for the two directions.  

𝐶𝒙𝒙′ = 𝐶𝑑[𝐶𝑥𝑥′  + 𝐶𝑦𝑦′] (3.7) 
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where 𝐶𝑥𝑥′, 𝐶𝑦𝑦′ and 𝐶𝑑 are the covariance functions in x- and y-direction and depth, 

respectively. If depth is a constant, we assume that homogeneity and isotropy holds, and 

therefore express the covariance function as: 

𝐶𝑥𝑥′  + 𝐶𝑦𝑦′ = exp (−
|𝑥 − 𝑥′|

𝐿𝑥
)

𝛽𝑥

+ exp (−
|𝑦 − 𝑦′|

𝐿𝑦
)

𝛽𝑦

 (3.8) 

where 𝐿𝑥 and 𝐿𝑦 are the correlation lengths for each axis and 𝛽𝑥 and 𝛽𝑦 are empirically defined 

parameters in each direction with suggested values between 0.5 and 3.  The correlation lengths 

depend on the local conditions and dominant phenomena. From Figure 11, it is clear that 𝐿𝑦 is on 

the order of magnitude of the long-shore direction of the grid. 𝐿𝑥 is a function of the depth and 

the nearshore wave field transformations, mainly breaking. Therefore, 𝐿𝑥 can vary between a few 

hundred meters (or grid nodes) and several kilometers. This issue is discussed extensively in the 

next paragraphs.  

3.2.2 Error Covariance as a Function of Depth 

In order to define the effect of the depth on the covariance of the wave field, the covariance 

matrices were calculated and analyzed for thirteen ensembles of one-dimensional forward 

simulations, each with constant depth. To reduce the volume of data and focus on the maximum 

effect of the covariance for the simulated wave field, a data subset is constructed by extracting 

the maximum error covariance values for each grid node. For this section, the covariance peak at 

the boundary is ignored and the analysis focuses on the grid points that are minimally influenced 

by the boundary effect. Figure 12 depicts the maximum normalized covariance for the whole 

length of the grid as a function of the depth. As the only variable in the forward simulations is 

the depth, it is apparent that the maximum value of covariance is calculated at the boundary and 

the covariance tends to a specific value, which depends on the actual depth.  

In principle the behavior of the covariance near the boundary depends on the forcing and the 

traveling distance from the initial grid node at a depth that affects the wave field properties. In 

order to exclude these nodes, the second derivative in space of the normalized covariance was 

calculated, and the data were filtered according to it. The basic idea of using the second 

derivative is to determine the point that the first derivative becomes constant, implying that the 

reduction of the covariance is due to a permanent process such as bottom friction. The order of 

magnitude of the second derivatives of the covariance varies between 10-4 and 10-10.   Based on a 

calculation of statistical properties of the relative normalized covariance, the threshold for 

filtering was defined equal to 5×10-6, as a mean conservative value. The number of excluded grid 

points depends on the depth, but in the majority of the cases, approximately twenty points are 

removed.  
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Figure 12. Top left (a): Calculated normalized covariance as a function of the depth. Top right (b): 

Estimated normalized covariance as a function of the depth. In both cases, the boundary is located 

at the grid node 100. Bottom left (c): Goodness-of-fit statistics of the covariance function for the 

entire computational grid. Bottom right (d): Scatter plot between the calculated covariance and the 

estimated covariance. 

Based on these experimental results, the covariance function for depth can be described by an 

exponential expression of this form: 

𝐶𝑑 = 𝛼𝑑 exp(−(𝑑 − 𝛽𝑑)/𝛾𝑑)2 (3.9) 

where 𝛼𝑑 , 𝛽𝑑, 𝛾𝑑 are fit-defined constants and 𝑑 is the actual depth. Equation (3.9) is a function 

of only depth and was fitted to each grid node individually.The results of covariance functions 

for each node are presented in Figure 12b. The estimated covariances have a high correlation 

with the simulation-based covariances (Figure 12a), R2 = 0.995. The goodness-of-fit statistics, 

Figure 12c, confirm the accuracy of the covariance functions, with R2 ~ 1 at all locations except 

the grid points close to the boundary. Similarly, the scatter plot between the two quantities, 

Figure 12(d), strongly confirms that a function in the form of (3.9) is the appropriate for 

modeling the covariance as a function of depth. The sum of the squares due to the error (SSE) 

and the root mean square error (RMSE) show the boundary effect on the covariances. Indicative 
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values of the constants are tabulated in Error! Not a valid bookmark self-reference. and the 

results are shown in Figure 13.  

Table 1. Properties of covariance function according to the depth for different grid points and the 

mean from 1st to 80th grid point. 

 Grid point  

P
a
ra

m
et

er
  1st 25th 50th 75th 80th 90th 95th 99th 100th Mean  

ad -1.65 -1.59 -1.52 -1.41 -1.37 -1.24 -1.10 -0.48 <0.001 -1.54 

βd -1.51 -1.35 -1.18 -1.03 -0.99 -0.97 -1.19 -1.42 60.38 -1.25 

γd 5.62 5.47 5.28 5.01 4.93 4.73 4.66 4.58 38.44 5.33 

 

In order to determine a single representative function, each of the three parameters of (3.9) is 

averaged in space, excluding the boundary/breaking zone. Thus, the following empirical 

equation is derived for the normalized covariance as a function of the depth: 

𝐶𝑑 = 10^[−1.54 𝑒𝑥𝑝(−(𝑑 + 1.25)/5.33)2] (3.10) 

Figure 13 presents a comparison of the calculated covariance with the results of the covariance 

function for the specific grid node and with the results of the “average” covariance function 

(3.10). It is clear that the covariance function could be determined by fitting (3.9), which 

depends on only the local depth.  Additionally, the difference of the “average” covariance 

function, (3.10), from the calculated covariance of the ensemble and the individual result of the 

individual covariance functions is negligible at locations far from the boundary; see e.g. the first 

nine plots of Figure 13. As the “average” covariance function is a mean representative function, 

it overestimates the covariance at the first grid points, mainly for depths higher than 5m and 

underestimates it for grid points close to the boundary.  
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Figure 13. Characteristic examples of the maximum error covariances as a function of the depth for 

different distances (in number of grid nodes) from the boundary. The black line corresponds to the 

simulation covariance; the red line is calculated based on the covariance function for the specific 

grid node, and the green line corresponds to the mean covariance function. 

3.2.3 Error Covariance of Breaking Wave Field 

This section is focused on the determination of the covariance function of wave field breaking 

due to the local bathymetry. In Figure 10, at cross-shore distance 100m, there is a peak in the 

integrated covariance. The location indicates that this peak is due to the local depth, or more 

precisely, onset of wave breaking when the waves reach the breaking depth. Mathematically, 

wave breaking is presumed to occur when the ratio 𝛾 =  𝐻 𝐷⁄ , where H is the wave height at 

total depth, 𝐷, which includes the wave-induced setup, exceeds a prescribed limit. A typical 

value used in many simulations is 𝛾 = 0.73, which is also adopted for the simulations of this 

study. 

As described in Section 2, the simulations are forced with climatological data acquired at 17m 

depth and are not adjusted to the depths of the simulation grids. The imposed wave boundary 



25 

 

conditions are dissipated by depth-induced breaking when 𝛾 ≥ 0.73. Hence, the dissipation due 

to the depth is reproduced without taking into consideration the rest of the dissipation 

mechanisms. Following the same methodology as in the previous sections, the covariance 

matrices are calculated, and the covariance function is determined from them. Initially, the zone 

of significant variation of the covariance due to breaking is determined with the same criterion as 

in section 0. The exact lengths of the artificial breaking zones as a function of the depth are 

depicted in Figure 14 (left). By integrating the normalized second derivative in space, the 

correlation lengths for each depth are determined (Figure 14 right). 

 
Figure 14. (Left) The length of the wave breaking zone as a function of the depth, and (Right) the 

estimated correlation length of breaking wave field as a function of the depth. 

Not surprisingly, the SWAN implementation data in Figure 14 confirm that the length of the 

breaking zone depends on the ratio of the wave height over the local depth, because all the 

simulations are forced with the same climatological wave data from the N. Atlantic (wave height, 

period and direction), and the only variable is the depth. So for these wave conditions in shallow 

areas (𝑑 ≤ 5 𝑚), the value of the integrated covariance increases because SWAN sets the total 

energy to the level that it can propagate into the grid without discontinuities. For 𝑑 > 5 𝑚, the 

covariance decreases with increasing depth. This is due to an increase in the percentage of non-

breaking waves in deeper water, as confirmed by the disappearance of the breaking zone for  𝑑 >
20 𝑚. In order to estimate the spatial correlation length, Eq. (3.6) is applied to the normalized 

second derivative. From Figure 14 (right), it is clear that the correlation depends on the breaking 

ratio in space.  In shallow areas, the energy of the wave field is brought almost instantly to the 

acceptable level, and therefore, the correlation length is short, roughly 2 grid points. As the depth 

increases, the wave field breaks over longer distances; thus, the correlation length increases. 

The second step for the determination of the covariance function in the breaking zone is the 

fitting of the appropriate function. As is obvious from the top left of Figure 12, in general the 
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covariance of the breaking wave field declines rapidly with distance. With this in mind, we will 

investigate several formulations based on the general exponential function:  

𝐶𝑟
𝐵𝑟 = 𝛼𝐵𝑟 exp(−𝛽𝐵𝑟𝑟𝑑𝐵𝑟) + 𝑐𝐵𝑟 (3.11) 

where 𝐶𝑟
𝐵𝑟 is the covariance in the x-direction for the breaking wave field as a function of the 

distance r and 𝛼𝐵𝑟, 𝛽𝐵𝑟, 𝑐𝐵𝑟 and 𝑑𝐵𝑟 are fitted parameters that depend on the depth.  

The most accurate function of the normalized covariance for each depth is when all the four 

parameters are fitted separately for each depth. In this case, RMSE values are on the order of 

0.003 and SSE values are on the order of 10−4 (complete results not shown). In order to optimize 

a generalized empirical covariance function, the two definitions are proposed:  

𝑐𝐵𝑟 ≡ 𝐶𝑑 (3.12) 

where 𝐶𝑑 is the covariance function for each specific depth and 

𝑑𝐵𝑟 ≡ 1 (3.13) 

Under these two assumptions, the parameters 𝛼𝐵𝑟, 𝛽𝐵𝑟 are estimated by fitting the data for each 

depth.  The trend is modeled by simple exponential functions (Figure 15). Both parameters are 

equal to zero for depths exceeding 20m. The goodness-of-fit statistics for the two parameters 

confirm that the parameters depend on the depth and that the use of exponential functions to 

represent them is reasonable. 

 
Figure 15. The calculated values of αBr and βBr of function (3.11) are plotted with squares and 

diamonds, respectively. The two lines correspond to the fitted models of the two parameters, and 

the different statistical measures of goodness-of-fit are tabulated.  

Hence, the general function (3.11) is parameterized and the covariance function of the breaking 

wave-field induced by the local depth, d, is given by 

𝐶𝑟
𝐵𝑟 = 𝛼𝐵𝑟𝑒𝑥𝑝(−𝛽𝐵𝑟𝑟𝑥) + 𝐶𝑑 

αBr = 3.099 exp(−0.332d) 

𝛽Br = 1.164exp(−0.276d) 

(3.14) 
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Equation (3.14) is validated against the original data of Figure 12a. The scatter plot of Figure 16 

confirms the accuracy of the covariance function in comparison with the calculated covariance 

values.  The slope of the linear best-fit line (gray) is 0.96, and its bias is -0.001.  

 
Figure 16. Scatter plot of the calculated normalized covariance versus the normalized covariance 

from the function (3.14). 

The three measures of goodness-of-fit show that the two datasets are nearly identical. For values 

of relative covariance less than 20%, the covariance function tends to underestimate the 

simulation covariance. The main reason for this is the assumption (3.13), that the exponent is 

defined equal to 1 and therefore the value of 𝐶𝑟
𝐵𝑟 tends faster to 𝐶𝑑.  For values of relative 

covariance higher than 20%, the covariance function predicts the simulation covariance with 

greater accuracy.  The remaining errors are considered acceptable in exchange for the simplicity 

of function (3.11), which has only two empirical parameters and minimal calculation cost. 

3.2.4 Correlation Lengths of Covariance Function in Physical Space 
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In the direction parallel to the depth contours (i.e., the y-direction), the covariance of the wave 

energy is almost invariant for nearshore spatial scales 𝑂(10𝑘𝑚). Therefore, correlation length 

𝐿𝑦 is defined as equal to the size of the grid. The correlation length in the x-direction, 𝐿𝑥, is 

calculated indirectly via the correlation length in the z-direction (depth), 𝐿𝑑. As the covariance 

function in depth, 𝐶𝑑, is known, the correlation length is calculated by integrating its derivative 

in depth from d = 0m to the depth at which 𝐶𝑑 = 1, which in this case is d = 20m. 

The derivative of (3.10) is calculated as 

𝐶𝑑
′ ≡ 𝐶𝑧

′ = 0.832408𝑒𝑥𝑝(−0.375235 𝑧 − 2.21837 𝑒𝑥𝑝(−0.375235 𝑧)) (3.15) 

and 𝐿𝑧, the correlation length in depth is estimated equal to 0.90𝑚. For an area with a known 

bathymetry, and consequently a known bottom slope, 𝐿𝑥 is calculated using the bottom slope in 

the direction of maximum gradient for a specific location, 𝑟(𝑥𝑖, 𝑦𝑗).  Thus, the spatially varying 

correlation length as function of the bottom slope in x-direction is given by: 

𝐿𝑥
𝑟 = 0.9/𝛽𝑥 (3.16) 

3.3 Error Covariance Function in Spectral Space  

Little has been published about the error covariance of the wave field in spectral space. Only 

Breivik et al. (1998) import the frequency indirectly by varying the spatial correlation length as a 

function of frequency under the dominant assumption of isotropy. However, they do not consider 

the covariance a function of direction. In this section, the covariance of the spectral wave action 

is examined and parameterized as a function of both frequency and direction. 

The transfer of wind energy to the waves occurs mostly near the peak of the spectrum and at 

mid-range frequencies. The gained energy, through wave-wave interactions is (i) absorbed at 

lower frequencies (resulting in a shift of the peak frequency and generating infra-gravity waves) 

and at higher frequencies (possibly creating a secondary peak) and (ii) dissipated by white-

capping and surf-breaking at all frequencies and by bottom friction at the low and mid-range 

frequencies. The objective is to determine statistically the relative importance of each of these 

mechanisms.  

Let 𝑁 and 𝑁′ be two sets of action density spectra with the same length, 𝑀𝑡, sampled at two 

different locations from 𝑀𝑡 different wave fields, propagating in the same coastal area. For 

simplicity, the action density spectra have been integrated over directions, and the values of 𝑁 

and 𝑁′ are determined at two different locations of the same shoaling wave field. The ensemble 

is composed of time series of shoaling waves with varying Hs, and peak frequency, 𝑓𝑝 (Figure 

17). The transparent spectra correspond to ensemble 𝑁 and the shaded spectra to correspond to 

𝑁′. 
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Figure 17. Schematic representation of ensemble spectra from two datasets 𝑵 (transparent) and 𝑵′ 
(shaded), showing input frequency spectra for the calculation of the shoaling wave field; modified 

from Holthuijsen (2007). 

The error covariance spectra in frequency for two points are calculated between their two 

ensembles of two-dimensional spectra assuming that the spectra of ensemble N, open sea, have 

one 𝑓𝑝, the corresponding spectra of the shallower ensemble 𝑁′ have up to three peaks (with two 

of them significantly smaller than the primary peak). 𝑓𝑝
′, for each 𝑁′ spectrum is shifted towards 

zero, and its energy is higher than that at the peak frequency of the corresponding deep sea 

spectrum. Hence, the expected behavior of the frequency covariance spectra is high positive 

covariance at 𝑓𝑝
′ and negative covariance at the frequencies of the two smaller peaks. 

In the next sections, we will use the data to guide the analysis and the development of the 

covariance functions.  First, the general properties of covariance spectra as functions of 

frequency and direction are investigated using the SWAN dataset from Duck, NC (dataset “C” 

from Section 2.2.1).  Then, expressions for covariance with frequency and covariance with 

direction are derived separately treating the two quantities as independent parameters, similar to 

the approach used for Cxx’ and Cyy’ in Section 0.  

3.3.1 Covariance Spectra in Frequency and Direction 

The covariance has been calculated between the wave spectrum at the central grid point of all 

grids and all the grid points of each grid: 𝐶(𝑁(𝑓, 𝜃, 50,1), 𝑁(𝑓′, 𝜃′, 𝑖𝑥, 1) ), where 𝑁 is the action 

density at the grid node 𝑖𝑥.  𝑖𝑥 = 50 is the central grid node, and each spectrum has 36 

directions, 𝜃, and 33 frequencies, 𝑓. Calculation of the covariance increased the data volume by 

approximately 33×36 times in comparison with the spectral output of SWAN for the same grid. 

Therefore, the challenge is the identification of the main characteristics of the covariance spectra 

in a computationally feasible way. 
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The first step in the analysis is the integration of the covariance spectra in frequency and in 

direction.  For each spectral bin (𝑓, 𝜃) of 𝑁, a covariance spectrum for each grid point is 

estimated. The one-dimensional covariance spectra in frequency and direction with the 

maximum covariance are plotted for a range of depths in Figure 18. For these cases, the 

maximum covariance is used because the aim is to model the maximum error covariance for the 

assimilation system. The covariance for each frequency and direction depends on the depth, and 

the covariance of breaking waves is higher than the covariance of the propagating wave field. 

Both of these issues were addressed in Section 0 where a parameterized form for the function of 

the integrated covariance was presented. So, here, the covariance function will be developed 

based on covariance values normalized by the maximum covariance.  

As may also be seen from Figure 18, the covariance for a given frequency and direction is almost 

constant along the grid (excluding grid nodes affected by the boundary). The covariance density 

is concentrated in a few specific frequencies (near 0.08 Hz) and directions (roughly normal to the 

boundary). The maximum directional spread is approximately 90°, and the difference between 

the maximum covariance density and the covariance at other frequencies and directions can be 

significant, up to four orders of magnitude. These observations are valid for the covariance of all 

the 𝑁(𝑓, 𝜃), not just for the peak frequency and direction of the covariance spectra. Based on 

these results, the dimensions of the covariance spectra will be further reduced by calculating 

their average in the x-dimension, excluding the boundary effect zone. 

 

Figure 18. Spatial distribution of the maximum covariance as a function of frequency (left) and 

direction (right) for different depths (1m, 3m, 5m, 10m, 100m).  

Prior to averaging in the x-dimension, the relative difference in physical space is calculated and 

averaged for all the combinations of 𝑓 and 𝜃, in order to quantify the spatial variation of the 
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covariance for each 𝑓′ and 𝜃′ and for all the grids (Figure 19). For grids with depth less 

than 10𝑚, the maximum difference is observed at the frequency, 𝑓′ ≈ 0.08𝐻𝑧 and 

direction, 𝜃′ ≈ 0° of the covariance peak. The order of magnitude of the maximum values of the 

covariance difference for all the depths is four to six times smaller than the actual values of the 

covariance, which may be seen by comparing the scales of Figure 18 and Figure 19. The 

difference of the covariance for the rest of the spectral bins is practically zero (dark blue in 

Figure 19). For grids with depth more than 10𝑚, the difference at the covariance peak is 

negative for the integrated covariance over frequency. There are two extremes for the integrated 

covariance over direction with a positive value at 𝑓′ ≈ 0.15𝐻𝑧 and a negative value at 𝑓′ ≈
0.08𝐻𝑧 (Figure 19e and j). This is an expected result of the energy transfer mechanisms in 

SWAN.  In both cases, the order of magnitude of the difference is approximately five times less 

than the order of magnitude of the covariance. Figure 19 suggests that the covariance spectra 

may be spatially averaged without eliminating significant information. Moreover, it is also 

apparent that specific frequencies and directions could be eliminated from the rest of the 

analysis, in order to reduce the data volume further.  

 

Figure 19. Mean spatial difference of the covariance spectra for each frequency and direction (𝒇′ 
and 𝜽′) for spectra integrated over frequency, 𝒇, (left) and direction, 𝜽, (right). 

The next step in the process is the identification of the frequencies and directions that can be 

eliminated. For this purpose the spatially averaged covariance spectra are used, and covariances 

in frequency and in direction are both examined in the same manner.  

The covariance spectra, 𝐶𝑆(𝑓′, 𝜃′) are examined for different values of frequency, 𝑓, and 

direction, 𝜃, in Figure 21 and Figure 22, respectively. As discussed before, the covariance has 

been calculated at only the points where the action density was higher than the resolution of the 
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computational system, resulting in directions for which the covariance has not been calculated. 

Of the 33 frequencies of the original data, only the 16 frequencies, 0.0426𝐻𝑧 ≤ 𝑓 ≤ 0.261𝐻𝑧, 

have more than 0.1% of the maximum covariance for the specific conditions of the simulations. 

If the threshold for the covariance density is increased to 5%, the number of frequencies with 

significant covariance density is reduced to 10, 0.0543𝐻𝑧 ≤ 𝑓 ≤ 0.161𝐻𝑧. From Figure 21, it is 

clear that the direction of the peak covariance is 𝜃′ = 0, normal to the coast, for all values of the 

direction, 𝜃. In all the plots of the two figures, 5° is the exact direction corresponding to the peak 

of the covariance. This is an artifact of having 36 directional bins of 10° in SWAN. In cases 

where an even number of directions is specified (as done for the present analysis), this results in 

directional bins at +𝑑𝜃/2 and −𝑑𝜃/2 but not at zero. The maximum directional spread is 90°, as 

expected. The exact directional spread of the covariance spectra is discussed in section 3.3.2, 

where the error covariance function in direction is determined. In both Figure 20 and Figure 21, 

it is clear that the distribution of the covariance in frequency is positively skewed and it is 

symmetric in direction. These two properties are fundamental for the development of the 

covariance functions.  
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Figure 20. The normalized covariance spectra in frequency and direction for each frequency of the 

covariance ensemble at the point (0m, 1010m) of the grid, depth 10m. The angle 0° corresponds to 

the direction normal to the wave field propagation.  
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Figure 21. The normalized integrated covariance for all the directions 𝜽 for which, the covariance 

has been calculated as a function of each direction 𝜽′ and frequency 𝒇′. The depth is 10m, and the 

direction 5° is the normal to the boundary. The missing directions are excluded from the covariance 

calculation. 
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Figure 22. Summaries of minimum (left) and maximum (right) frequencies and directions per 

depth with significant spectral density.  

Figure 22 summarizes basic information about the frequency width and directional spread based 

on minimum and maximum values as functions of 𝑓 and θ without applying any threshold. The 



36 

 

figure includes the information from all covariance spectra for each depth. Therefore, based on 

its content, the results from the observations at 10m depth, as shown in Figure 20 and Figure 21, 

are generalized. The main direction is the normal to the coast, and the included frequency range 

is 0.04𝐻𝑧 ≤ 𝑓 ≤ 0.25𝐻𝑧. There is a dependency on the actual depth for both variables, but for 

the development of the covariance functions, the covariance spectra are examined according to 

the covariance density as a function of frequency width and directional spread, instead of the 

extreme values of frequency and direction. 

3.3.2 Development of Error Covariance Function 

In the next sections, the covariance in spectral domain is examined independently in frequency 

and direction: 

𝐶𝑁𝑁(𝑓, 𝑓′, 𝜃, 𝜃′) = 𝐶𝑓𝑓′𝐶𝜃𝜃′ (3.17) 

Here 𝐶𝑓𝑓′ is the covariance between the frequencies 𝑓 and 𝑓′, and 𝐶𝜃𝜃′ is the covariance between 

the directions 𝜃 and 𝜃′. In addition, the covariance, 𝐶𝜃𝑓′𝜃′, as a function of 𝑓, 𝜃 and 𝜃′ will be 

presented. 

3.3.2.1 Error Covariance Function in Frequency 𝑪𝒇𝒇′ 

Analysis of the covariance in frequency domain showed that covariance as a function of the 

frequency is positively skewed. The directionality of the covariance spectra, e.g. Figure 20, has 

been neglected by integration over direction. The top panel in Figure 23 is a characteristic 

example which depicts the frequency space distribution of the covariance for depth of 10m, 

calculated for the spectral bin corresponding to f = 0.0612 Hz, θ = 185°. It shows that for the 

whole length of the grid, the peak is at the same frequency and the covariance is almost constant 

in space. This confirms the conclusion based on the integrated covariance that in the x-direction, 

the covariance is almost constant when the bathymetry is homogeneous. In order to estimate the 

difference in space, the average of mean relative differences in cross-shore direction for each 

spectral bin have been calculated for all the depths (Figure 24). The difference has been 

calculated for the grid points that are not impacted by the boundary effect, and the mean relative 

difference is 0.001% with the bars showing the standard deviation. Even though the mean for all 

the depths is close to zero, the relative standard deviations have high values due to the high 

frequencies (higher than 0.2 Hz, the blue areas in Figure 23) where the values of the covariance 

are extremely small which makes the ratios relatively high and consequently high values for the 

standard deviation. Nevertheless, Figure 24 proves that there is not significant spatial variation of 

the covariance spectra. Therefore, the mean covariance in space for each spectral bin is used for 

the covariance function. Hence, for the next steps the covariance spectra are averaged in space, 

e.g. Figure 23 bottom, and the averaged spectra are used for the next steps of the analysis. The 

integrated covariance spectrum confirm that the values of the covariance for frequencies higher 

than 0.2 Hz are significantly smaller (up to orders of magnitude) in comparison with the 

maximum values.  
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Figure 23. Top: Frequency – Space Distribution of the maximum Covariance Action Density 

calculated for 10 m depth; it corresponds to the spectral bin (0.0612 Hz, normal to the shore) of 

grid point 0 m, 1010 m). Bottom: The same data for covariance frequency spectrum integrated over 

space.  

 

Figure 24. The integrated mean and standard deviation of the relative difference in space for all the 

frequencies and depths. 

In summary, the covariance spectra for all the frequencies have been integrated over direction, 

and the frequency covariance spectra as a function of the depth are shown in the left side of 

Figure 25, which confirms the strong depth dependence and that the peak frequency of the 

covariance is almost constant for all the depths.  
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Figure 25. Left: Integrated over direction, covariance for all the spectral bins of point (0m, 1010m) 

as a function of the frequency and depth. Middle: Normalized, integrated covariance with the 

maximum of each depth, spectra. Right: The ratio of extreme (max/min) covariance in logarithmic 

scale. 

Using the covariance spectra at the peak frequency of the integrated covariance spectra (lower 

left plot of Figure 25), the function that fits the maximum value of the normalized integrated 

covariance is:  

max (∑ 𝐶𝑓𝑓′

𝑓

) = {
1, 𝑑 ≥ 10𝑚

0.0115𝑑13/7, 0𝑚 ≤ 𝑑 ≤ 10𝑚
 (3.18) 

where 𝑑 is the depth. Equation (3.18) is produced by fitting the power law to the maxima 

integrated covariance, yielding 𝑅2 = 0.9902, 𝑅𝑀𝑆𝐸 = 0.0050 and 𝑆𝑆𝐸 = 0.0002. 

Due to the absolute difference between the covariance at shallow and deep grid points, the 

frequency covariance spectra have been normalized by their maximum value and are plotted as a 

function of the depth (Figure 25, middle). The normalized covariance spectra for all the depths 

have similar shape in frequency domain. The peak frequency and the frequency width are 
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similar, and their distributions are positively skewed towards high frequencies.Additionally, the 

covariance tends to zero. More precisely, the peak frequency is approximately at 0.09 Hz, and 

most of the covariance density is concentrated in less than 10 frequency bins. The only exception 

is for 𝑑 ≤ 3𝑚. The covariance frequency spectra become broader.  The peak frequency is shifted 

towards higher frequency, and for frequencies higher than 0.161 Hz, the covariance becomes 

negative. After the frequency 0.3 Hz, it tends to zero. In order to determine the maximum 

variation of the covariance, the ratio of the maximum value of covariance over the minimum for 

each frequency and depth was calculated (Figure 25 right). The scale is logarithmic, and we see 

that for frequencies smaller than 0.25 Hz, the extrema are up to 3 orders of magnitude smaller 

than the values at the peak frequency. Hence, the rest of the analysis will focus on frequencies 

between 0.0426 Hz and 0.2945 Hz.  

Based on the normalized covariance spectra (Figure 25, middle) the following function was fitted 

to the data for each depth: 

𝐶𝑓 = 𝑎𝑓1𝑒−(𝑓−𝑏𝑓1 𝑐𝑓1⁄ )2
+ 𝑎𝑓2𝑒−(𝑓−𝑏𝑓2 𝑐𝑓2⁄ )2

 (3.19) 

where 𝑎𝑓1, 𝑏𝑓1, 𝑐𝑓1, 𝑎𝑓2, 𝑏𝑓2, 𝑐𝑓2 are the fitted parameters. Equation (3.19) is the sum of two 

Gaussian distributions, and it is used in order to model the positive skewness of the covariance as 

a function of the frequency. The fitted parameters for all the depths are given in Table 2. 

Table 2. Fitting parameters for the normalized covariance values as a function of frequency 𝑪𝒇. 

  
Depth 

(m) 

  1 2 3 4 5 6 7 8 9 10 20 50 100 

 

𝑎𝑓1 1.05 0.88     0.64     0.66     0.70     0.72     0.73     0.74     0.75     0.75     0.74     0.75     0.75 

𝑏𝑓1 0.09         0.08 0.08 0.08 0.08 0.08 0.08 0.08 0.08 0.08 0.08 0.08 0.08 

𝑐𝑓1 0.03 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02 

𝑎𝑓2 -0.15 0.58     0.70 0.63     0.55     0.51     0.48    0.46     0.44     0.43     0.43     0.43     0.43     

𝑏𝑓2 0.06 0.11 0.10 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 

𝑐𝑓2 0.02 0.02 0.03 0.03 0.03 0.03 0.03 0.03 0.03 0.03 0.03 0.04 0.03 

 

𝑅2 0.96 0.96 0.98 0.98 0.98 0.98 0.98 0.98 0.98 0.98 0.98 0.98 0.98 

RMSE 0.08 0.07 0.05 0.05   0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 

SSE 0.09 0.08 0.04 0.06 0.04 0.04 0.04 0.03 0.04 0.04 0.04 0.04 0.04 

The statistics in Table 2 imply that Eq. (3.19) is appropriate to model the average covariance 

over all the frequencies and almost constant for all 𝑑 ≥ 3𝑚. Similarly, the fitted parameters are 

almost constant for the same depths. Therefore, the parameters for 𝑑 ≥ 3𝑚 are averaged in order 

to create one covariance function independent of the depth, which gives 

𝐶𝑓 = (0.72 ± 0.04)𝑒
−(

𝑓−(0.08±0.00)
(0.02±0.00

)
2

+ (0.50 ± 0.09)𝑒
−(

𝑓−(0.11±0.003)
(0.03±0.003

)
2

 
(3.20) 
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Figure 26. Scatter plot of the average normalized covariance for each of the depths versus the mean 

covariance function Cf. 

As shown in Figure 26, the oversimplified function (3.20) of the covariance is relatively 

accurate.  The goodness-of-fit statistics are also shown in the plot. Apparently, as long as the 

function does not depend on the depth, there are multiple values of the normalized covariance for 

each value of the covariance function. This approach has extremely limited computational cost, 

and it is directly applicable to any wave assimilation system as long as a directional spreading 

function is assumed.  

Beyond the simplified covariance function given by Eq. (3.20), the objective is to determine a 

covariance function depending on both frequencies, 𝑓 and 𝑓′. Recently, a covariance function, 
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𝐶𝑓𝑓′ based on the statistically normalized, covariance spectra, was introduced (Flampouris et al., 

2014): 

𝐶𝑓𝑓′ =   𝐴1𝑒
−(

𝑓′−𝐵1
𝐶1

)
2

+ 𝐴2𝑒
−(

𝑓′−𝐵2
𝐶2

)
2

 (3.21) 

where 𝐴, 𝐵, 𝐶 are the fitted parameters for each 𝑓. In this case, all the frequencies were used and 

the covariance function for each depth was created.  

 

Figure 27. Left-Top: The calculated covariance for all the combinations of  𝒇 and 𝒇′. Left-Bottom: 

The results of the covariance function, based on (3.21) for 10m depth. Right: The scatter plot 

between the calculated normalized covariance from the data versus the estimated covariance from 

the covariance functions.  

This approach models the covariance accurately as shown in Figure 27. The main limitation of 

this approach is the partial modelling of the negative values of the covariance mainly between 

the frequencies of energy transfer. From a technical point of view, the limitation is due to the 

large number of fitted parameters. 

The integrated covariance spectra normalized with the global maximum value of covariance at 

specific depths for all the combinations of 𝑓 and 𝑓′ are examined in Figure 28. On the global 
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scale of a shoaling wave field, the frequency covariance density varies significantly as a function 

of all the frequencies of the incoming wave spectra in a few and specific frequency bins. It is 

clear that at the shallower grid points, e.g. 1m depth, the covariance spectrum is more spread than 

at the grid points corresponding to deeper water. In Figure 28, the color scale is different for each 

plot.  At the 1m depth, it is on 𝑂(10−4), and at 10m depth, it is on the order of 𝑂(10−0).  

 

Figure 28. Covariance in frequency for all the depths. In all the graphs the x-axes correspond to the 

target spectrum frequency, 𝒇′, and the y-axes correspond to the frequency of observed spectrum, 𝒇. 

Based on the data of Figure 28, the covariance function, 𝐶𝑓𝑓′ is determined. As discussed 

previously, there are no significant differences of the normalized covariance in frequency as a 

function of the depth, except in the peak frequencies. Hence, the median of covariance for each 

combination of frequencies (𝑓, 𝑓′) was calculated, and based on the median of covaieance, the 

following function was fitted: 

𝐶𝑓𝑓′ = 𝑎𝑓𝑒−[𝑏𝑓(𝑓−𝑓𝑝)
2

+2𝑐𝑓(𝑓−𝑓𝑝)(𝑓′−𝑓′𝑝)+𝑑𝑓(𝑓′−𝑓′𝑝)
2

] (3.22) 

where 𝑎𝑓 , 𝑏𝑓 , 𝑐𝑓 , 𝑑𝑓 are the fitted parameters and 𝑓𝑝 and 𝑓′𝑝 the peak frequencies for 𝑓 and 𝑓′, 

respectively. The fitting procedure allows the function given by (3.22) to be simplified further by 

defining 𝑎𝑓 = 1 and 𝑏𝑓 ≈ 𝑑𝑓, with differences less than 0.001%. Based on these two 

observations Eq. (3.22) is simplified further to depend on only two parameters. By following the 

same methodology as in the other parts of the covariance function, Eq. (3.22) was further 

simplified by parameterizing 𝑏𝑓 and 𝑐𝑓 as: 

𝑏𝑓 = {103.152𝑑0.01012
, 𝑑 < 2𝑚

1490, 𝑑 ≥ 2𝑚
 (3.23) 
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𝑐𝑓 = {

−745, 𝑑 < 3𝑚

−103.276𝑑−0.1203
, 3𝑚 ≤ 𝑑 ≤ 10𝑚

−305, 𝑑 ≥ 10𝑚

 (3.24) 

 

The goodness of fit-statistics for the two parameters are provided in Table 3. 

Table 3. The goodness-of-fit statistics of bf and cf for functions (3.23) and (3.24). 

 𝑅2 RMSE 

𝑏𝑓 0.986 0.0030 

𝑐𝑓 0.998 0.0060 

3.3.2.2 Error Covariance Function 𝑪𝜽𝜽′ 

The covariance function in direction, 𝐶𝜃𝜃′, is determined by following the same methodology as 

for the rest of the dimensions. The covariance in direction has been already examined 

qualitatively earlier where it was shown that 𝐶𝜃𝜃′ is almost symmetric, with axis of symmetry the 

direction of the wave propagation. The effect of the frequency on the covariance spectra has been 

neglected by integrating over frequency. Figure 29 (top) depicts the direction-space distribution 

of the covariance for depth 10m, calculated for the spectral bin f = 0.0426 Hz, θ = 185°. The 

bottom plot of Figure 29 shows the spatially averaged covariance of the action density plotted for 

all directions. Since there are 36 directional bins with dθ = 10°, the values in each bin are 

assumed to be at dθ/2, which results in the maximum value of the averaged covariance at 5°. In 

order to estimate the variation in space, the average of mean relative differences in the cross-

shore direction for each spectral bin have been calculated for all the depths (Figure 30). The 

mean relative difference is close to zero, and the bars show the standard deviation to also be 

small (<0.1%). The difference has been calculated for the grid points that are not impacted by the 

boundary effect. Nevertheless, Figure 30 proves that there is not significant spatial variation of 

the covariance spectra. Therefore, the mean covariance in space for each spectral bin is used for 

the covariance function. The integrated covariance spectrum confirmed that the values of the 

covariance for directions θ ≤ |85°| are significantly compared to the maximum values. 
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Figure 29.  Top: Direction – Space Distribution of the maximum Covariance Action Density 

calculated for 10 m depth.  It corresponds to the spectral bin (0.0426 Hz, 185 deg) of grid point (0 

m, 1010 m). Bottom: Integrated over space, covariance/ direction spectrum. 

 
Figure 30. The integrated mean and standard deviation of the relative difference in space for all the 

directions and depths. 

Next, based on the analysis illustrated in Figure 21, the directional spreading of the integrated 

covariance spectra was estimated for each depth. In cases where the maximum covariance was 

less than the 2.5% of the total covariance for the specific depth, the value has been neglected. 

Otherwise, as shown in previous section, the maximum directional spreading is 180°. Results of 

the current procedure are shown in Figure 31 and summarized for each depth in Table 4.   
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Figure 31. Maximum normalized covariance as a function of the direction and depth. 

Table 4. Directional spread of maximum and average covariance as a function of the depth based 

on existence of data.  

Depth (m) < 3 3-5 > 5 

Directional Spreading – Maximum (°) 55 65 75 

Directional Spreading - Average (°) 55 65 75 

From the covariance matrices in direction, it is obvious that the covariance density is 

concentrated on the peak directions for both 𝜃 and 𝜃′, especially in shallow water where the 

wave field directionality is dominated by the local bathymetry (Figure 32). From the same figure, 

it is clear that the 𝐶𝜃𝜃′ have directionality, as well, in shallow water as evidenced in Figure 32 a-

c, where the maximum values of the covariance are not symmetric around the peak directions. In 

contrast, the covariance matrices for depths greater than 9m, Figure 32 i-m, are symmetric 

around the peak directions. Nevertheless, the maximum value of the covariance is at the peak 
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directions (𝜃, 𝜃′) and is reduced with the increase in direction. Based on the data shown in 

Figure 32, the covariance function, 𝐶𝜃𝜃′ is determined using the median covariance spectra for 

each depth, integrated over frequency. To keep the properties of the covariance matrices, the 

following function was fitted: 

𝐶𝜃𝜃′ = 𝑒
−[(

𝜃−𝜃𝑝

2𝜎𝜃
)

2

+ (
𝜃′−𝜃′

𝑝

2𝜎𝜃′
)

2

]

  
(3.25) 

where 𝜃𝑝, 𝜎𝜃, 𝜃′𝑝, 𝜎𝜃′ are the fitted parameters. 

 
Figure 32. Covariance in direction for all the depths. The x-axes correspond to the target spectrum 

direction 𝜽′, and the y-axes correspond to the direction of observed spectrum, 𝜽. 

The fitted parameters are plotted in Figure 33a where 𝜃𝑝 varies between -5° and 5°, and the mean 

direction over all depths is close to zero. Values of 𝜎𝜃 vary between 8° and 20° and is a function 

of depth, which confirms that the covariance density in shallow water is concentrated in few 

directions. The direction 𝜃 = 0° corresponds to the direction normal to the boundary.  
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Figure 33. a. Parameters of Eq. (3.25) for each depth, and b. goodness-of-fit statistics of the function 

(3.25) for each depth. 

The goodness-of-fit statistics of the covariance function in direction are presented in Figure 33b. 

From the plot, it is evident that for all the depths the suggested covariance function accurately 

models the covariance for each depth. The correlation and the error are reduced with the increase 

in depth. The relatively limited accuracy of the covariance function for 𝑑 ≤ 4𝑚 is due to the 

asymmetric directionality. 

 
Figure 34. Estimated normalized covariance in direction, C𝜽𝜽’ , based on the function (3.25) for 

thirteen different depths; the x-axes correspond to 𝜽′, and the y-axes correspond to the 𝜽. 

The covariance function in direction is examined in comparison with the calculated covariance. 

In Figure 34, the estimated covariances are plotted. Figure 32 and Figure 34, show that the 

covariance density from the covariance function is more spread in direction than the calculated 



48 

 

one for 𝑑 ≤ 4𝑚. The covariances for depths 𝑑 ≥ 5𝑚 have similar directional distribution, and 

the differences for depths 𝑑 ≥ 8𝑚 are eliminated.  

 
Figure 35. Scatter plot of the calculated covariance for all the depths versus the estimated values of 

the covariance function.  

These observations are summarized in the scatter plot of the covariance for all the depths 

between the calculated and the estimated from Eq. (3.25). At high values of normalized 

covariance, 𝐶𝜃𝜃′ > 0.3, the covariance function overestimates in few cases by up to 25%, due to 

the broadness of the covariance function. At low covariance values, 𝐶𝜃𝜃′ < 0.1, the covariance 

function underestimates the covariance. More precisely, for values of the covariance close to 

zero, the covariance function predicts smaller covariance values. By considering the general 

properties of Eq. (3.25), it is clear the correlation length in direction, 𝜎𝜃 and 𝜎𝜃′, could be 

slightly smaller for 𝑑 ≤ 4𝑚 and larger for 𝑑 > 4𝑚, as evidenced Figure 36. In general, however, 

the covariance function accurately models the covariance, and the values of the error statistics 

are small. The regression function between the two covariances show lack of systematic bias. 
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Figure 36. Scatter plot of the averaged directional spreading of the covariance spectra in 

comparison the 𝝈𝜽 parameters of equation (3.25). The solid line is y = x. 

3.3.2.3 Error Covariance Function 𝑪𝒇′𝜽′ 

Throughout the development of the covariance function, it is assumed that the covariance is 

independent in the different dimensions of the model. From Figure 20 and Figure 21, it is evident 

that at least at the spectral space, the covariance is a function of frequency and direction. 

Therefore, a covariance function in frequency 𝑓′ and direction 𝜃′ has to be addressed as well. 

The covariance spectra follow positively skewed normal distribution in frequency and near 

normal distribution in direction. Therefore, 𝐶𝑓′𝜃′ is assumed to be a skew normal distribution 

(Azzalini and Capitanio, 2014):   

𝐶𝑓′𝜃′ = exp (− ((
𝑓′ − 𝛼𝑓′

2𝑏𝑓′
)

2

+ (
𝜃′ − 𝛼𝜃′

2𝑏𝜃′
)

2

)) erf (𝜆𝑓′𝑓′ + 𝜆𝜃′𝜃′) (3.26) 

where 𝑎𝑓′, 𝑏𝑓′, 𝜆𝑓′, 𝑎𝜃′ 𝑏𝜃′, 𝜆𝜃′ are parameters to be fitted in frequency and direction. In this 

case, the apparent advantage of using Eq. (3.26) is the modeling of the skewness in the frequency 

domain and to have the advantage of the physical interpretation of each of the factors of the 

function. The input data have been integrated over 𝑓 and they depend on 𝜃, 𝜃′ and 𝑓′. Following 

the same basic steps as in the previous sections, Eq. (3.26) is fitted to the normalized covariance 

spectra for all the available 𝜃. Hence, for each direction there is a set of 6 parameters. The 
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goodness-of-fit statistics for all the fits as a function of the direction and depth are illustrated in 

Figure 37. Equation (3.26) was fitted for data of directions between −100° ≤ 𝜃 ≤ 100° and all 

the depths. The data and the fit do not have significant correlation for the directions where there 

is not significant covariance density (Figure 31) due to the angle between the wave field 

propagation direction and the directions under examination > 70°.  In addition, the reduced 

accuracy of the covariance for shallow grids is the result of the combination of two phenomena: 

the reduction of the directional spreading and the concentration of the wave energy density, and 

consequently of the covariance density, at few frequencies (as seen in e.g. Figure 32a). 

Therefore, the fitted data are filtered based on Table 4 and 𝑅2, shown in Figure 37a.  

 

Figure 37. a. 𝑹𝟐, b. 𝑹𝑴𝑺𝑬 and c. 𝑺𝑺𝑬 as a function of the direction, 𝜽, and depth for the fit of Eq. 

(3.26) to all the available covariance spectra. 

The parameters in Eq. (3.26) are visualized in Figure 38 as a function of direction 𝜃 and depth. 

All the six parameters depend on the direction 𝜃, and their values are almost constant for 𝜃 = 0° 

(normal to the boundary).They vary as a function of depth. Specifically, 𝑎𝑓′ (Figure 38a) varies 

between 0.09 and  0.11, with mean value 0.094. 𝑏𝑓′(Figure 38b) varies between 0.01 and 0.024 

with mean value 0.176. Considering that 𝑏𝑓′ expresses standard deviation in frequency, the 

observed high values for large angles are expected, but for 𝜃 = 0°, 𝑏𝑓′ is  almost constant with 

mean value 0.144. 𝑙𝑓′ (Figure 38c) varies between 0 and 1.2. The small values of 𝜆𝑓′ impose zero 

skewness in frequency and consequently, the covariance in frequency is symmetric. This 

behavior strongly depends on the direction 𝜃 and 𝑙𝑓′ ≈ 0 for 𝜃 = |35°|. Τhe 𝑎𝜃′ and 𝑏𝜃′ (Figure 

38d and e) confirm the previous findings that 𝑎𝜃′ ≤ 0.5𝑑𝜃 and the 𝑏𝜃′ ≤ 0.5𝐷𝑠𝑝. Finally, the 

𝜆𝜃′(Figure 38f) is three to four orders of magnitude smaller than the actual values of the variable 

and is, therefore, set to zero. 

Summarizing these conclusions, for 𝜃 = |𝑑𝜃/2|, Eq. (3.26) becomes: 

𝐶𝑓′𝜃′ = exp (− ((
𝑓′ − 0.091

2 ∗ 0.13
)

2

+ (
𝜃′ − 0.5𝑑𝜃

2 ∗ 20
)

2

)) erf (𝜆𝑓′𝑓′ + 10−3𝜃′) 

𝜆𝑓′ = {
−0.163𝑑 + 2.059, 𝑑 ≤ 10𝑚

4.29, 𝑑 > 10𝑚
 

(3.27) 
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Figure 38. The values of the fitted parameters a. 𝒂𝒇′, b. 𝒃𝒇′, c. 𝝀𝒇′, d. 𝒂𝜽′, e. 𝒃𝜽′ and f. 𝝀𝜽′ of Eq. 

(3.26). 

For 𝜃 = 0° the scatter plot of the covariance function and its statistical measures of fit are given 

in Figure 39.  
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Figure 39. Scatter plot of the calculated covariance for all the depths versus the estimated values of 

the covariance function Cfʹθʹ. 

3.4 Effect of Wind on the Covariance in Space as a Function of Frequency 

As described in the introduction to section 3.3, in SWAN the wind energy is transferred to the 

waves near the peak of the spectrum and at the mid-range frequencies. In order to determine the 

effect of the wind on the covariance, the covariance matrices from the 10m homogenous grid, 

forced with only the wave field are compared with covariance of the ensemble forced with the 

waves and the wind. The wind data used in this case is the measured wind during the wave 

measurements used as boundary conditions as shown in Figure 3. 

The effect of the wind is determined by comparing the maximum covariance of the two 

ensembles for each frequency along the wave propagation direction (Figure 40). For frequencies 

up to 0.0612 Hz, the two covariances are almost identical over space. At frequency, 𝑓 =
0.0691 𝐻𝑧, a second peak can be seen, which becomes more evident between the frequencies 

0.0780 𝐻𝑧 ≤ 𝑓 ≤ 0.1427 𝐻𝑧. The second peak vanishes between the frequencies 0.161𝐻𝑧 ≤
𝑓 ≤ 0.2050 𝐻𝑧. For frequencies higher than 0.23 𝐻𝑧, wind seems to have a significant effect. 

However, the magnitudes of the covariance for these frequencies are up to four orders smaller 

than the covariance at lower frequencies. Thus, it can be concluded that there is no significant 

wind effect on the covariance for nearshore domains of a few kilometers and can be neglected.   
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Figure 40. Spatial distribution of the maximum covariance density for each frequency.  The one 

ensemble is forced a. only with waves (red) and b. with waves and wind (blue). 

4 CONCLUSIONS 

This study develops a covariance function for nearshore wave data assimilation systems driven 

by the data and the wave model SWAN. Under the basic assumption that the best estimator of 

model covariance error is the mean of an ensemble of forward simulations or measurements, the 

covariance matrices in all the dimensions of the problem were calculated and then were modeled. 

For the development of the covariance function, each dimension of the problem was modeled 

independently, with the one exception where there was correlation between the wave direction 

and frequency. 

It was found that the temporal covariance can be modeled by a parameterized Gaussian function. 

The temporal correlation length of the function depends on the local conditions and the temporal 

length of the modeled phenomena, climatological, seasonal and extreme events, such as storms. 

The temporal length for long period studies is on the order of days, but for the extreme events is 

almost constant with average value 6 hours. The temporal length has been determined in the two 
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temporal scales, for all the locations where NDBC has wave measuring sensors. This information 

can be summarized in a look-up table, available to be integrated in any wave assimilation 

system. In addition, the function was optimized by examining the properties of the parameters of 

the temporal covariance function.  

For nearshore wave assimilation applications, the covariance function depends primarily on the 

local depth and secondly on the distance from the assimilation location. The basic concept of the 

covariance function is the binary categorization of the wave field in breaking or non-breaking. 

For non-breaking wave field, the error covariance is approximately constant as a function of the 

distance, but it strongly depends on the local depth with the correlation length in distance 

inversely proportional of the bottom slope. For breaking waves, the covariance values decrease 

exponentially in very short distance.  

The challenging part of this study is the determination of the covariance in the spectral space, 

and more specifically in frequency, due to the dominant non-linear processes or even the 

numerical implementation in SWAN of the wave related processes. A conceptual model of the 

behavior of the covariance in frequency of a shoaling wave field was developed. Due to the data 

volume, the covariance are binary separated into significant and non-significant, according to the 

covariance density. It was determined that the covariance spectrum in frequency is positively 

skewed. Therefore, the suggested covariance functions can model the observed long tail function 

of frequency with a sum of normal distribution and skewed normal distribution. The covariance 

in direction is symmetric; hence, a two dimensional exponential function is validated and 

suggested for covariance function in direction. By combining the properties of the covariance in 

spectrum, a skewed exponential function, similar to the normal distribution is suggested.  

In short, the simplest suggested error covariance function for a 4D-var wave assimilation system 

for wave spectra is the following: 

𝐶𝑓(𝑥, 𝑦, 𝜃, 𝑓, 𝑡, 𝑥′, 𝑦′, 𝜃′, 𝑓′, 𝑡′) = 𝑉𝐶𝑥𝑥′𝐶𝑦𝑦′𝐶𝑓′𝜃′𝐶𝑡𝑡′ 

𝐶𝑓 = 𝑉√2𝜋𝑏𝑡 exp (− [
(𝑡 − 𝑎𝑡)

𝑏𝑡
]

2

) (exp (−
|𝑥 − 𝑥′|𝛽𝑥

𝐿𝑥
) + exp (−

|𝑦 − 𝑦′|

𝐿𝑦
)

𝛽𝑦

) 

10(−1.54 exp(−
𝑑+1.25

5.33
)

2

) exp (− ((
𝑓′ − 0.091

2 ∗ 0.13
)

2

+ (
𝜃′ − 0.5𝑑𝜃

2 ∗ 20
)

2

)) erf(𝜆𝑓′𝑓′

+ 10−3𝜃′) 

 

(4.1) 

5 OUTLOOK 

The determination of covariance in assimilation systems is an open question, which has 

important impact on the data assimilation systems. In this investigation, an optimized covariance 
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function for all the wave model dimensions is introduced. The function is based on the analysis 

of simple forward simulations and on some of the available wave measurements around US 

coasts. The assumptions of this approach has apparent disadvantages, but the resulting function 

is the basis for more accurate assimilation systems. The near-future research in the subject is 

focused on the extended validation, optimization and generalization of the error covariance 

function. In order to increase the accuracy and efficiency of the covariance function, the next 

step should be the systematic and operational assessment of the statistical properties of the wave 

field simulation errors on a global scale, by integrating in the analysis of all available data with 

their error, or inversely, their accuracy. The basic step to understand and model the error of the 

wave models is to combine the existing simulations with the measurements.  

From the simulations side, there are operational wave simulations in global, regional and local 

scale. The two most broadly used are the simulations from NOAA, based on WW3 and from 

ECMWF based on WAM. In addition to these, the most coastal countries provide operationally 

local wave simulations tailored to the local environment and conditions, based mainly on SWAN 

and WW3.  

From the measurements side, there are available in situ data in global scale, for instance the 

member countries of European Union have started creating common databases with available 

data from the Norwegian Sea to the East Atlantic and most of the N. Mediterranean Sea. In 

addition, after the Deepwater Horizon accident, all the oil companies with offshore operations 

collaborate with governmental authorities and international organizations and collect basic 

oceanographic data. For instance, the SIMORC system has in situ oceanographic data from 

remote areas, such as West Central Africa. Moreover, the expansion of ground based remote 

sensing, mainly the High Frequency radars, offers unique data sets of time series of wave 

parameters with spatial coverage of few hundred meters. In addition, the satellite remote sensing 

offers stable wave products from SAR and Altimeter sensors. An open subject is the combination 

of all the available datasets and common standardization with defined accuracy for each of them.  

It is clear that the information from the measurements and the wave models is available, but to 

further develop the error covariance function, it is necessary to process the information in a 

consistent and systematic way. Such a process will need to be able to ingest large, 

multidimensional wave datasets and have the ability to automatically update the error covariance 

function using advanced techniques of machine learning and data mining.  
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