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A viscoelastic sea ice model has been adopted in the ocean wave model - WAVEWATCH III®
  to 

account for the sea ice effect on wave attenuation. The model has two parameters: the effective 
elasticity ܩ and effective viscosity ߥ, to describe various types of ice covers. In this study, ߥ ,ܩ 
are calibrated with the data collected in the Arctic marginal ice zone, during Sep. 30-Nov. 9, 
2015. The field conditions and datasets collected are reported in another paper at this symposium 
(Shen et al.). In this paper, we report the preliminary results of using these data to calibrate the 
viscoelastic model. The calibrations are done based on two approaches. One approach assumes 
that sea ice damping is the only factor that modifies the wave energy. The model parameters ߥ ,ܩ 
are thus calibrated using the corresponding dispersion relation with measured change of wave 
energy between two buoys. In a real ocean environment, other source terms, such as wind, 
nonlinear wave-wave interaction and wave dissipation, are present. Therefore, a second approach 
is also adopted in which the comprehensive wave energy balance equation is used to account for 
these other source terms. In this paper, we report some preliminary results of these two 
calibration approaches using a recent field data. 
   



1. Introduction 
In polar regions, wave propagation is affected by different types of ice covers. Due to the 
increase of open water and intensified storm activities (Thomson and Rogers, 2014), there is a 
strong need to include ice effects in wave models. In this paper, we present a preliminary study 
of calibrating a viscoelastic model (Wang and Shen, 2010) for ice covers, using data obtained in 
a recent field experiment (Shen et al., in this Proceedings). This model has been adopted as one 
of the choices in WAVEWATCH III®  to account for the sea ice effect on wave attenuation and 
wave speed change. This model is chosen because it synthesizes three classic models: mass 
loading, thin-elastic, and pure viscous. Two calibration approaches are used to inversely 
determine two rheological parameters in the viscoelastic model. This analysis is preliminary 
because the wave and ice data used here are still being refined. Furthermore, there are other 
viscoelastic models that may also be adopted (Mosig et al. 2015). The results presented here thus 
represent an on-going effort. 
 
The viscoelastic model to be calibrated in this study is briefly summarized first. In this model, 
the dispersion relation provides the complex wave number ݇ ൌ ݇௥ ൅ ݅݇௜ , once the angular 
frequency ߱, the ice thickness h, and its rheological properties are given. The real part of the 
wave number ݇௥  is related to the celerity and the group velocity. Since the wave profile 
௜ሺ௞௫ିఠ௧ሻ݁~ߟ ൌ ݁ି௞೔௫݁௜ሺ௞ೝ௫ିఠ௧ሻ , the imaginary part of the wave number ݇௜  represents an 
exponential decay of the wave amplitude. The derivation of this model is given in Wang and 
Shen (2010). This model assumes that a general ice cover may be represented by a Voigt 
continuum, with two rheological parameters: equivalent shear modulus ܩ  and equivalent 
kinematic viscosity ߥ. The complete analytical form of the dispersion relation is (Zhao and Shen, 
2015): 
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where ݃	is the gravitational acceleration, ܪ is water depth, h is the ice thickness, ߩଵ and ߩଶ are 
the density of ice and water, respectively; ܵ௞ ൌ sinh	ሺ݄݇ሻ , ܵఈ ൌ sinh	ሺ݄ߙሻ ௞ܥ , ൌ cosh	ሺ݄݇ሻ , 
ఈܥ ൌ cosh	ሺ݄ߙሻ, ܰ ൌ ߱ ൅ 2݅݇ଶߥ௘. For a set of ߱,	݄,	,ܪ	ܩ  and ߥ, multiple ݇ values are solved 
from the dispersion relation. One of the roots contained in ܬ is shown to correspond to a shear 
wave with negligible energy (Zhao and Shen, 2015). One of root contained in ߱ଶ െ
ܳ௖݃݇ tanh  relates to the most energetic wave mode. This root is chosen for calibrating the ܪ݇
rheological parameters ܩ,  .in this paper ߥ
 
2. Wave energy balance equation 
The wave spectrum evolution is described by the energy balance equation. In deep water and 
without currents:  
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where ܨሺ݂,  ,is the ice concentration ܥ ,is the group velocity ࢍࢉ ,ሻ is the spectral energy densityߠ

௜ܵ௡ is the wind input term, ܵௗ௦	is the wave dissipation term, mostly through wave breaking, ܵ௡௟ is 
the energy transfer due to nonlinear interactions among spectral components. 
 
For an ice covered ocean, Eq. [2] should be modified by adding an ice induced source term on 
the right hand side. Furthermore, as described in the user manual and system documentation 
(Tolman, 2014). ௜ܵ௖௘	is scaled by the ice concentration C, and ௜ܵ௡ and ܵௗ௦ are scaled by ሺ1 െ  .ሻܥ
Thus, with ݔ being the wave propagation direction, Eq. [2] is simplified to:  
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In the above, steady state is considered. We thus will use only the part of the wave record that is 
relatively constant in time. We present two calibration methods below based on Eq. [3].  
 
3. Data processing 
Several wave measurements were conducted during the R/V Sikuliaq cruise in the western Arctic 
Ocean from Oct.1 to Nov. 10, 2015. These measurements lasted from hours to 3 days in the 
marginal ice zone. Three types of buoys were used to record the wave propagation under ice 
covers. We select some datasets collected by SWIFT  (Surface Wave Instrument Floats with 
Tracking) buoys for the present study. The property of SWIFT buoys and data processing to 
obtain the directional spectra may be found in Thomson (2012). 
 
The SWIFT data provide wave spectrum, ܵሺ݂,  ሻ, over time intervals about 10-12 minutes. Toݐ
reduce noise, these ܵሺ݂,  ሻ records were first smoothed by time average of a selected range, andݐ
then moving averaged in the frequency space with 5 adjacent frequencies, to obtain ܵ̅ሺ݂ሻ . 
Directional wave spectra ܨሺ݂,  was derived using ܵ̅ሺ݂ሻ and the smoothed directional moments	ሻߠ
ሺܽଵ, ܽଶ, ܾଵ, ܾଶሻ by Maximum Entropy Method (Lygre and Krogstad, 1986). 

Attenuation rate of wave energy between two buoys in the MIZ ߙሺ݂ሻ was calculated and used to 
calibrate the viscoelastic sea ice model later. The calculation of  ߙሺ݂ሻ  was based on the wave 
energy decay over distance between two chosen buoys. We assume that the wave energy decays 
exponentially between buoys A and B. A duration of one to two hours of relatively steady wave 
condition was selected. The lead buoy, A, is determined by the larger significant wave height 

	௦ܪ over the whole frequency space, where ܪ௦ ൌ 4ට׬ ܵ̅ሺ݂ሻ݂݀
ஶ
଴ . Since each frequency 

component has its own direction, the attenuation is determined for each frequency:  
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where d is the distance between the two buoys, ߠ௕ is the acute angle between wave direction ߠ௝ 
and the line connecting two buoys. The line connecting two buoys is determined by their 
longitude/latitude locations averaged over the duration of our analysis. In this study, we ignore 
the possibility that for a given frequency, the wave direction ߠ௝ may differ between A and B. ߠ௝  
is thus defined using buoy A as ߠ௝ ൌ ሼߠ|maxܨ஺൫ ௝݂, ൯ߠ , 0° ൑ ߠ ൏ 360°ሻሽ.   
 



Calibration related ice data such as ice concentration C and ice thickness h were not measured by 
the SWIFT buoys. An on-board visual observation recorded ice data classified as primary, 
secondary and tertiary types, under the ASSIST (http://www.iarc.uaf.edu/icewatch)  protocol 
during the cruise. We use duration-averaged C, h of the primary type for this calibration. It is 
noted that this visual observation was not the in-situ ice condition next to the buoys, since after 
deployment the ship moved away while the buoys drifted on their own. But because the wave 
attenuation between two buoys was the result of the regional ice condition, the areal and 
temporal averaged ice data from these visual observations were reasonable to use.  
 
4. Simple model: ࡿ ൌ  ࢋࢉ࢏ࡿ
In this calibration approach, henceforth called the “simple model”, we consider ௜ܵ௖௘ as the only 
source term for wave damping. ௜ܵ௡, ܵௗ௦		and ܵ௡௟ are removed from Eq. [3]. We further assume 
that the group velocity is relatively constant between the two buoys. It yields, 
 

ܿ௚
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Again, assuming an exponential change of attenuation rate of wave energy, we have 
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The ice induced energy dissipation from the WAVEWATCH III® model (Tolman, 2014) is, 
  

௜ܵ௖௘ ൌ െ2ܿ௚݇௜ሺ݂, ,ܩ  [7]     ܨሻߥ
 

Without direct measurement of the wave speed or wavelength, we assume that group velocity 
ܿ௚ ൌ ݀߱/݀݇௥ is the one under ice cover with ݇௥ calculated through the viscoelastic model.  
 
Substituting Eqs. [6,7] into Eq. [5] yields, 
 

ሺߙ ௝݂ሻ ൌ ௜ሺ݇ܥ ௝݂, ,ܩ  ሻ     [8]ߥ
 

The effective shear modulus ܩ and effective kinematic viscosity ߥ are calibrated resulting in the 
best fit of ݇ܥ௜  from the viscoelastic model with the measured data ߙ  over the whole wave 
frequency space, i.e. minீ,ఔ‖ߙ െ ௜‖ଶ݇ܥ . The optimization is done by using the Levenberg-
Marquardt algorithm. 
 
5. Full model:  ࡿ ൌ ሺ૚ െ ࢔࢏ࡿሻሺ࡯ ൅ ሻ࢙ࢊࡿ ൅ ࢒࢔ࡿ ൅  ࢋࢉ࢏ࡿ࡯
Although sea ice usually dominates wave energy decay, other source terms: wind input ௜ܵ௡, wave 
dissipation ܵௗ௦ and nonlinear wave-wave interaction ܵ௡௟, may be important in stormy conditions 
(Li et al., 2015). In which case, we need to consider the full energy balance equation 
 

ܿ௚
డிሺ௙,ఏሻ

డ௫
ൌ െ2ܿ௚ܨߙሺ݂, ሻߠ 	ൌ ሺ1 െ ሻሺܥ ௜ܵ௡ ൅ ܵௗ௦ሻ ൅ ܵ௡௟ ൅ ܥ ௜ܵ௖௘  [9] 

 



In this paper, the wind input ௜ܵ௡ and wave dissipation ܵௗ௦ are calculated using formulations from 
Snyder et al. (1981) and Komen et al. (1984). The wind input term is  
 

௜ܵ௡ሺ݂, ሻߠ ൌ max ቂ0, 0.25 ఘೌ
ఘೢ
ቀ௨ఱ
௖
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where ߩ௔	and ௪ߩ	  are the density of air and water, respectively, ܿ ൌ ߱/݇  is the wave phase 
velocity, ܨሺ݂,  ሻ is the frequency-directional spectrum. Again, without directly measuring ܿ, weߠ
assume it is the same as that under the ice cover, i.e. ߱/݇௥, where ݇௥ is calculated based on the 
viscoelastic model, ߠ௪ is the corresponding mean wind direction. ݑହ is the wind speed at 5m 
above the mean sea level, estimated by a simple logarithmic formula (Mears et al., 2001), i.e. 

ହݑ ൌ ln ቀ ହ/௭బ
௭೘/௭బ

ቁ  ௕௨௢௬ is the wind speed measured atݑ ,଴ is the roughness lengthݖ ௕௨௢௬, whereݑ

the measurement height zm = 0.9m above the surface by instrument installed in the buoy 
(Thomson, 2012). Without direct measurement, ݖ଴ is set as 0.0002 for open sea.  
 
The dissipation term is  
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௞

௞෠
ቀ ఈෝ

ఈෝುಾ
	ቁ
ଶ
,ሺ݂ܨ  ሻ     [11]ߠ

 
where ܥௗ௦ is a constant ሺܥௗ௦ ൌ െ2.36 ൈ 10ିହ	ሻ, ߙො௉ெ is the value of ߙො for a Pierson–Moskowitz 

spectrum ሺߙො௉ெ ൌ 3.02 ൈ 10ିଷሻ, ෝ߱ ൌ ൫	߱ିଵതതതതത	൯
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spectral average of a variable ݖ is defined as ̅ݖ ൌ
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. The coefficients are provided 

by the WAVEWATCH III®  user manual. 
 
Nonlinear wave-wave interaction source term ܵ௡௟  is calculated using Discrete Interaction 
Approximation (DIA, Hasselmann et al., 1985).  
 

ቌ
௡௟,ଵܵߜ
௡௟,ଷܵߜ
௡௟,ସܵߜ

ቍ ൌ ܦ ൭
െ2
1
1
൱ܥ௡௟݃ିସ ௥݂,ଵ	

ଵଵ ൤ܨଵ
ଶ ൬

ிయ
ሺଵାఒ೙೗ሻర

൅ ிర
ሺଵିఒ೙೗ሻర

െ ଶிభிయிర

൫ଵିఒ೙೗
మ ൯

ర൰൨ [12] 

 
where ܨ௜ ൌ ሺܨ ௜݂, ௡௟,௜ܵߜ ௜ሻ andߠ ൌ ௡௟ሺܵߜ ௜݂, ,௜ሻߠ ݅=1, 3, 4. The two constants are: ߣ௡௟ = 0.25, 
௡௟ܥ ൌ 1.0 ൈ 10଻ (Tolman and Chalikov, 1996).  
 
6. Results  
We selected 4 cases from 3 wave array experiments as shown in Table 1. Each case is composed 
of simultaneous data from two selected buoys. Attenuation rate against frequency ߙሺ݂ሻ	 is 
derived in each case as described in section 3. As shown in Fig. 1 (red dots), all of them show a 
rapid rise with increasing wave frequency up to a point, and then appear to plateau at very high 
frequencies. 
 
Comparisons between the measured ߙ	and model results against angular frequency ߱ሺൌ  ሻ݂ߨ2
are shown in Fig. 1, with corresponding ܩ,  values summarized in Table 2. There is reasonably ߥ
good agreement between data and models with calibrated ܩ, ߥ . The difference of the results 



between the simple model and the full model is mainly from wind input term ௜ܵ௡ , which is 
affected by both wind direction and wind speed. For example, Fig. 1(b) shows some difference 
between two models at high frequencies. This is because waves in this range propagate in a 
similar direction as the wind. For high wind condition, i.e. case 4, the results in Fig. 1(d) show 
that the attenuation given by the full model is negative near angular frequency ߱ = 1.3Hz due to 
the strong wind effect. In all cases, ܵௗ௦ is at least one order of magnitude less than other terms.  
 

Table 1. Summary of the cases. 
 

Case 
No. 

Date (UTC) 
Buoys 

No. 
Ice 

concentration C 
Ice thickness 

h (m) 
Estimated wind 
speed ࢛૞ (m/s) 

1 Oct. 4, 14:00 - 15:00 14 to 11 1 1 6.39 

2 Oct. 18, 04:00 - 06:00 15 to 11 0.3 0.1 4.10 

3 Oct. 31, 22:00 - 24:00 15 to 13 0.8 0.1 3.88 

4 Nov. 1, 03:00 - 05:00 15 to 13 0.6 0.1 9.35 
 

 

              
     (a) case 1     (b)	 case 2 

         

(c) case 3    (d)	 case 4 
 

Figure 1. Comparison of attenuation calculated from models and data.  



Table 2. Calibrated rheological parameters ܩ,	ν. 
 

Case No. 
Simple model Full model 

 (m2/s) ߥ (Pa)ܩ (m2/s) ߥ (Pa) ܩ

1 6989 0.3155 6989 0.3155 

2 6000 0.13 6230 0.1545 

3 6233 0.0013 6233 0.013 

4 6326 0.0063 6683 0.076 

 
7. Summary 
A viscoelastic model that synthesized three classic sea ice models is calibrated using data from a 
recent field experiment. We consider two wave energy balance conditions. One assumes ice 
damping is the only mechanism, which is probably suitable for calm wave conditions. Under 
stormy conditions, the full energy balance equation including wind, wave dissipation, and 
nonlinear transfers are considered. We use these two energy balance equations and an 
optimization method to determine the best-fit rheological parameters in the viscoelastic model. It 
is found that a reasonable fit can be obtained for most of the frequency range.  
 
The results presented are preliminary. Both the wave and the ice data are going through further 
analysis. Modifications of the calibration will be conducted as these new and improved data 
become available. The completed product of this calibration effort will then be available for 
wave models to predict wave conditions under similar ice covers. 
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